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Preface

A variety of processes in science and engineering is commonly modeled by alge-
braic, differential, integral and other equations. In a more difficult case, it can be
systems of equations combined with the associated initial and boundary conditions.
Frequently, the study of applied optimization problems is also reduced to solving the
corresponding equations. Typical examples include Euler’s equation in calculus of
variations and boundary value problems for Pontrjagin’s maximal principle in con-
trol theory. All such equations, encountered both in theoretical and applied areas,
may naturally be classified as operator equations. These equations connect the un-
known parameters of the model with some given quantities describing the model.
The above quantities, which can be either measured or calculated at the preliminary
stage, form the so-called input data. Generally, the input data as well as the unknown
parameters are the elements of certain metric spaces, in particular, Banach or Hilbert
spaces, with the operator of the model acting from the solution space to the data
space. The current textbook will focus on iterative methods for operator equations in
Hilbert spaces.

Iterative methods in their simplest form are first introduced in an undergraduate
numerical analysis course, among which Newton’s method for approximating a root
of a differentiable function in one variable is probably the best known. This is a typ-
ical iterative process widely used in applications. It can be generalized to the case of
finite systems of nonlinear equations with a finite number of unknowns, and also to
the case of operator equations in infinite dimensional spaces. It should, however, be
noted that direct generalization of this kind is only possible for regular operator equa-
tions and systems of equations. The regularity condition generalizes the requirement
on the derivative to be different from zero in a neighborhood of the root. This require-
ment is used for the convergence analysis of Newton’s scheme in a one-dimensional
case. Without the regularity condition, Newton’s iterations are not necessarily well-
defined. The lack of regularity is a major obstacle when it comes to applicability of
not only the Newton method, but all classical iterative methods, gradient-type meth-
ods for example, although often these methods are formally executable for irregular
problems as well. Still, a lot of important mathematical models give rise to either
irregular operator equations or to operator equations whose regularity is extremely
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difficult to investigate, for instance numerous nonlinear inverse problems in PDEs.
Thus, the question is whether or not it is possible to construct iterative methods for
nonlinear operator equations without the regularity condition.

In the last few years the authors have been developing a unified approach to
the construction of such methods for irregular equations. The approach under devel-
opment is closely related to modern theory of ill-posed problems. The goal of our
textbook is to give a brief account of this approach. There are 16 chapters (lectures)
in the manuscript, which is based on the lecture notes prepared by the authors for
graduate students at Moscow Institute of Physics and Technology and Mari State
University, Russia, and Georgia State University, USA. A set of exercises appears at
the end of each chapter. These range from routine tests of comprehension to more
challenging problems helping to get a working understanding of the material. The
book does not require any prior knowledge of classical iterative methods for nonlin-
ear operator equations. The first three chapters investigate the basic iterative meth-
ods, the Newton, the Gauss–Newton and the gradient ones, in great detail. They also
give an overview of some relevant functional analysis and infinite dimensional op-
timization theory. Further chapters gradually take the reader to the area of iterative
methods for irregular operator equations. The last three chapters contain a number
of realistic nonlinear test problems reduced to finite systems of nonlinear equations
with a finite number of unknowns, integral equations of the first kind, and parameter
identification problems in PDEs. The test problems are specially selected in order to
emphasize numerical implementation of various iteratively regularized procedures
addressed in this book, and to enable the reader to conduct his/her own computa-
tional experiments.

As it follows from the title, this textbook is meant to illuminate only the primary
approaches to the construction and investigation of iterative methods for solving ill-
posed operator equations. These methods are being constantly perfected and aug-
mented with new algorithms. Applied inverse problems are the main sources of this
development: to solve them, the successful implementation of well-known theoreti-
cal procedures is often impossible without a deep analysis of the nature of a problem
and a successful resolution of the difficulties related to the choice of control parame-
ters, which sometimes necessitates modification of the original iterative schemes. At
times, by analyzing the structure of particular applied problems, researchers develop
new procedures (iterative algorithms, for instance), aimed at these problems exclu-
sively. The new ‘problem-oriented’ procedures may turn out to be more effective than
those designed for general operator equations. Examples of such procedures include,
but are not limited to, the method of quasi-reversibility (Lattes and Lions, 1967)
for solving unstable initial value problems (IVPs) for the diffusion equation with
reversed time, iteratively regularized schemes for solving unstable boundary value
problems (BVPs), which reduce the original BVP to a sequence of auxiliary BVPs
for the same differential equation with ‘regularized’ boundary conditions (Kozlov
and Mazya, 1990), and various procedures for solving inverse scattering problems.
For applied problems of shape design and shape recovery, the level set method is
widely used (Osher and Sethian, 1988). The reader may consult [59, 27, 63, 69, 40]
for a detailed theoretical and numerical analysis of these algorithms.
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The formulas within the text are doubly numbered, with the first number being
the number of the chapter and the second number being the number of the formula
within the chapter. The problems are doubly numbered as well. A few references
are given to the extensive bibliography at the end of the book; they are indicated by
initials in square brackets. Standard notations are used throughout the book; R is
the set of real numbers, N is the set of natural numbers. All other notations are
introduced as they appear.

The authors hope that the textbook will be useful to graduate students pursuing
their degrees in computational and applied mathematics, as well as to researchers
and engineers who may encounter numerical methods for nonlinear models in their
work.

Anatoly Bakushinsky
Mikhail Kokurin

Alexandra Smirnova
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1

The regularity condition. Newton’s method

1.1 Preliminary results

In this textbook we primarily focus on the operator equation in the form

F.x/ D 0; (1.1)

where F W H1 ! H2 is a nonlinear operator acting on a pair of real Hilbert spaces
.H1;H2/. Some results can also be generalized to the case of a complex Hilbert
space. Let x� be the solution of interest, and let L.H1;H2/ be the normed space
of all linear continuous operators from H1 into H2. Suppose that F is defined and
Fréchet differentiable everywhere in H1. Recall that F 0.x0/ 2 L.H1;H2/ is said to
be the Fréchet derivative of F at a point x0 if for any x in H1

F.x/ � F.x0/ D F 0.x0/.x � x0/C !.x0; x/;

k!.x0; x/k D o.kx � x0k/ as x ! x0. Below by k � kH and . � ; � /H we denote the
norm and the scalar product in a Hilbert spaceH . Throughout the book it is assumed
that the following conditions on F 0 hold:

kF 0.x/kL.H1;H2/ � N1 8x 2 H1I (1.2)

kF 0.x/ � F 0.y/kL.H1;H2/ � N2kx � ykH1
8x; y 2 H1: (1.3)

For some iterative processes one may weaken conditions (1.2) and (1.3) by replacing
8x; y 2 H1 with 8x; y 2 �, where � is some bounded subset of H1. One can take
� D B.0;R/, a ball of a sufficiently large radius, for example. In general,

B.x; r/ D ¹y 2 H1 W ky � xkH1
� rº:

The replacement is usually possible when the methods under investigation are of
a special nature, and it is known a priori that all iterations they generate are contained
in a bounded subset of H1. One can easily see that if we use 8x; y 2 � instead of
8x; y 2 H1 in (1.2) and (1.3), then condition (1.2) with

N1 D kF 0. Nx/kL.H1;H2/ CN2 sup
x2�

kx � NxkH1
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is a consequence of (1.3) for any Nx 2 �. Therefore, inequality (1.3) alone needs to
be verified in that case, and we can require the differentiability of F on� only. We’ll
keep that remark in mind, while using conditions (1.2) and (1.3) in order to simplify
our presentation. Let F .N1; N2/ be the class of operators F satisfying these two
conditions.

It follows from (1.3) that F 0.x/ depends continuously on x as a map from H1

to L.H1;H2/. For all operators with a continuous derivative and for operators from
the class F .N1; N2/ in particular, one has

F.x C h/ � F.x/ D
Z 1

0

F 0.x C th/ h dt; x; h 2 H1; (1.4)

as a result of the Newton–Leibniz theorem. Clearly, from (1.3) and (1.4) one can
derive the following version of Taylor’s formula

F.x C h/ D F.x/C F 0.x/hCG.x; h/ 8x; h 2 H1; (1.5)

which will be used later on. Here the remainder G.x; h/ satisfies the estimate

kG.x; h/kH2
� 1

2
N2 khk2

H1
: (1.6)

Finally, one more helpful inequality

kF.x C h/ � F.x/kH2
� N1khkH1

8x; h 2 H1 (1.7)

is also a consequence of (1.4).

1.2 Linearization procedure

One of the most popular approaches to the construction of iterative methods for var-
ious classes of equations with differentiable operators is linearization of these equa-
tions. Take an arbitrary element x0 2 H1. Equation (1.1) can be written in the form

F.x0 C h/ D 0; (1.8)

where h D x � x0 is a new unknown. The linearization procedure for equation (1.1)
at the point x0 is as follows. Discard the last termG.x; h/ in expression (1.5) and get
the approximate identity

F.x C h/ � F.x/C F 0.x/h:

As the result, equation (1.8) becomes linear with respect to h

F.x0/C F 0.x0/h D 0; h 2 H1: (1.9)

A solution to above linearized equation (1.9), if exists, defines certain element
Oh 2 H1, which is assumed to be ’an approximate solution’ to equation (1.8). Hence,
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the point Ox D x0 C Oh may be considered as some kind of approximation to the
solution x� of initial equation (1.1).

Let us analyze this procedure in more detail. Obviously, it is based on the as-
sumption that the term G.x; h/ in the right-hand side of (1.5) is small for x D x0.
Moreover, in order to deal with linear equation (1.9), to guarantee that it is uniquely
solvable for any F.x0/ 2 H2 for example, one usually requires continuous invert-
ibility of the operator F 0.x0/ together with some estimate on the norm of the inverse
operator F 0.x0/

�1. Recall, that an operator A 2 L.H1;H2/ is said to be continu-
ously invertible if there exists an inverse operator A�1 and A�1 2 L.H2;H1/. Con-
tinuous invertibility of the operator F 0.x0/ is required due to the fact that otherwise
the inverse operator F 0.x0/

�1 is either undefined, or its domain D.F 0.x0/
�1/ does

not coincide with the entire spaceH2. As the result, equation (1.9) may be either un-
solvable, or it can have infinitely many solutions. Also, if F 0.x0/

�1 … L.H2;H1/,
then even for F.x0/ 2 D.F 0.x0/

�1/ the solution to (1.9) cannot continuously de-
pend on F.x0/. Therefore, small errors in the problem, which are not possible to
avoid in any computational process, can change the solution considerably, or even
turn (1.9) into an equation with no solutions. In other words, when F 0.x0/ is not
continuously invertible, equation (1.9) is an ill-posed problem. We’ll talk more on
how to solve such problems below.

Let F 0.x0/ be continuously invertible, i.e.,

F 0.x0/
�1 2 L.H2;H1/:

Then F is called regular at the point x0. Equation (1.1) is called regular in a neigh-
borhood of the solution x�, if there is a neighborhood B.x�; "/, such that for any
x 2 B.x�; "/ the operator F 0.x/�1 exists and belongs to L.H2;H1/. Otherwise
equation (1.1) is called irregular in a neighborhood of x�. Thus, irregularity of (1.1)
in a neighborhood of x� means that there exist points x, arbitrarily close to x�, where
either the operator F 0.x/�1 is undefined, or F 0.x/�1 … L.H2;H1/: Equation (1.1)
with F 0.x/ being a compact linear operator for all x in a neighborhood of x�, is
a typical example of irregular problem when H1 is infinite dimensional (see Prob-
lem 1.12).

Assume that for some m > 0

kF 0.x0/
�1kL.H2;H1/ � m < 1: (1.10)

Using (1.5), (1.6) (1.9), and (1.10), it is not difficult to estimate the error k Ox�x�kH1

in terms of kx0 � x�kH1
. Indeed, from (1.9) one has

Oh D �F 0.x0/
�1F.x0/;

and therefore

Ox D x0 � F 0.x0/
�1F.x0/:

Hence,

k Ox � x�kH1
D kx0 � x� � F 0.x0/

�1.F.x0/ � F.x�//kH1
: (1.11)
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By (1.5) and (1.6),

F.x�/ � F.x0/ D F 0.x0/.x
� � x0/CG.x0; x

� � x0/; (1.12)

where

kG.x0; x
� � x0/kH2

� 1

2
N2 kx0 � x�k2

H1
:

Substitute (1.12) into (1.11). Then inequality (1.10) yields

k Ox � x�kH1
� 1

2
mN2 kx0 � x�k2

H1
: (1.13)

From (1.13) it follows that Ox, the solution of linearized equation (1.9), is much closer
to x�, the solution of original equation (1.1), than the initial element x0, provided that
x0 is not too far from x�.

The above linearization procedure can now be repeated at the point x1 D Ox.
Thus, one gets an iterative process, which is called Newton’s method. Formally, the
process is as follows. Starting at x0 2 H1 and linearizing equation (1.1) at every
step, one obtains the sequence of elements x0; x1; : : : ; where

xnC1 D xn � F 0.xn/
�1F.xn/; n D 0; 1; : : : : (1.14)

1.3 Error analysis

Clearly, method (1.14) is well-defined only if the corresponding linear operator
F 0.xn/ is continuously invertible at every step, i.e., F 0.xn/

�1 2 L.H2;H1/. In order
to guarantee that, it is sufficient to assume that regularity condition (1.10) is fulfilled
for all elements xn (n D 0; 1; : : : ), defined in (1.14). However, this a posteriori as-
sumption is not convenient in practice, since it is not possible to verify before the
iterative process has begun. The following a priori assumption of uniform regularity
is more suitable: inequality (1.10) holds for all x 2 H1, i.e.,

sup
x2H1

kF 0.x/�1kL.H2;H1/ � m < 1: (1.15)

For now, let us accept condition (1.15) and use it to study the behavior of iterations
(1.14). Denote

"n D kxn � x�kH1
:

By (1.13) the following estimate is satisfied:

"nC1 � 1

2
mN2 "

2
n; n D 0; 1; : : : : (1.16)
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With (1.16) one can get an explicit estimate on "n in terms of "0. To this end, one
has to estimate "1 in terms of "0, "2 in terms of "1, etc. Finally, one arrives at the
inequality

"n � 2

mN2

�
1

2
mN2 "0

�2n

; n D 0; 1; : : : : (1.17)

Based on (1.17), one concludes that if

kx0 � x�kH1
� 2q

mN2

; q 2 .0; 1/; (1.18)

then

"n � 2

mN2

q2n

; n D 0; 1; : : : ;

and the sequence ¹"nº converges to zero rapidly:

lim
n!1 "n D lim

n!1 kxn � x�kH1
D 0:

Keeping in mind the relationship "nC1 D O."2
n/, see (1.16), we say that the sequence

¹"nº converges to zero at a quadratic rate.
Inequality (1.18) implies that the initial approximation x0 must be sufficiently

close to the solution of interest x�. Even in caseH1 D R, when F in (1.1) is a func-
tion in one variable, there are examples of divergent sequences for initial approx-
imations that are distant from the solution (see Problem 1.3). Iterative methods of
this kind are said to be locally convergent. The above remark does not mean that
iterations (1.14) always diverge if condition (1.18) is violated. There are trivial ex-
amples of finite dimensional equations and systems of equations, for which Newton’s
method converges with any choice of x0 (see Problems 1.4 and 1.6). Assumption of
uniform regularity (1.15) is not necessary for the convergence as well (see Prob-
lem 1.6).

Estimate (1.18) yields

1

2
mN2 "0 � 1

2
mN2

2q

mN2

< 1:

Hence, it follows from (1.17) that for any n 2 N

"n � 2

mN2

�
1

2
mN2 "0

�2n

� 2

mN2

1

2
mN2 "0 D "0:

Thus, for the convergence of Newton’s method it is sufficient for (1.15) to be fulfilled
in some neighborhood B.x�; R/ of the solution x�; and not in the entire space H1:

sup
x2B.x�;R/

kF 0.x/�1kL.H2;H1/ � m < 1: (1.19)
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In this case, one has to guarantee that all points x0, satisfying (1.18), are contained
in the ball B.x�; R/. Obviously, this is true if

2q

mN2

� R:

Finally, taking into account the remark from Section 1.1, we can replace (1.2) and
(1.3) with one condition

kF 0.x/ � F 0.y/kL.H1;H2/ � N2kx � ykH1
8x; y 2 B.x�; R/: (1.20)

Unfortunately, in the above requirements, sufficient for the convergence of Newton’s
scheme, it is assumed that we have prior knowledge of the location of x�. That is
a disadvantage. A more accurate convergence analysis (see [48], ch. XVIII) allows
one to get the following sufficient conditions:

kF 0.x0/
�1kL.H2;H1/ � m0; kF 0.x0/

�1F.x0/kH1
� �0; (1.21)

which only have to do with the initial point x0. The precise statement is as follows.
Let inequality (1.20) hold for all x; y 2 B.x0; R/, and the constantsm0, �0 in (1.21)
satisfy the estimates:

�0 <
1

2m0N2

;
1 � p

1 � 2m0�0N2

m0N2

� R: (1.22)

Then the set ¹x 2 B.x0; R/ W F.x/ D 0º consists of a unique point x�; iterations
(1.14) are well-defined for all n 2 N, and

"n D kxn � x�kH1
� 1

m0N2

.2m0 �0N2/
2n

; n D 0; 1; : : : :

The last estimate is similar to (1.17). One can easily see that form0,N2, andR fixed,
both inequalities in (1.22) are automatically fulfilled if �0 is sufficiently small. Note,
by (1.14) and (1.21), �0 is an upper bound for kx1 � x0k, i.e., for the the magnitude
of the displacement at the first step of the process.

In conclusion, we would like to point out that even with these new sufficient con-
ditions, the implementation of Newton’s method in irregular case remains problem-
atic. Although condition (1.22) does not require any a priori information about x�,
it is often hard to verify, because determination of the point x0, satisfying (1.21)
and (1.22), may be as difficult as solving (1.1) itself.

Problems

1.1. Prove formula (1.4) and estimates (1.6), (1.7).

1.2. Prove estimate (1.17).
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1.3. Give an example of the equation f .x/ D 0 (x 2 R), solvable, with a continu-
ously differentiable function f , for which Newton’s method

xnC1 D xn � f .xn/

f 0.xn/
; n D 0; 1; : : : (1.23)

fails to converge for some x0 2 R. Show that this can happen even if f is in the
class F .N1; N2/ and satisfies condition (1.15): jf 0.x/j � m�1 > 0 8x 2 R. Hint:
use geometrical interpretation of process (1.23).

1.4. Investigate the convergence of Newton’s method (1.23) for the equations

x3 � x D 0; ex � 1 D 0;
p
x2 C 1 � 2 D 0;

depending on the choice of initial point x0. When is the method not executable?
Which of the three functions are in the class F .N1; N2/? Give an example of a func-
tion f 2 F .N1; N2/, such that (1.23) converges to a solution of f .x/ D 0 (x 2 R)
for any initial approximation.

1.5. Let the operator F W Rn ! Rn take the form

F.x.1/; x.2/; : : : ; x.n// D

0
B@
f1.x

.1/; x.2/; : : : ; x.n//
:::

fn.x
.1/; x.2/; : : : ; x.n//

1
CA :

Write iterative process (1.14) for the system of equations F.x/ D 0. Give your
answer in a form that does not contain inverse matrices.

1.6. LetH1 D H2 D R2 and the operator norm in L.H2;H1/ be induced by the Eu-
clidean vector norm. Analyze the convergence of iterations (1.14) for the following
systems of equations´

x.1/ � a D 0

.x.1//2 C x.2/ � b D 0
;

´
x.1/ C 1

3
.x.1/ C x.2//3 � a D 0

x.2/ � 1
3
.x.1/ C x.2//3 � b D 0

:

Does condition of uniform regularity (1.15) hold for the above systems? Are the
operators of these systems from the class F .N1; N2/? Check whether conditions
(1.19) and (1.20) are satisfied here, and if so then find the constants m D m.R/;

N2 D N2.R/.

1.7. Assume that in the first system of Problem 1.6, a D 0; b D 1. Find the constants
m D m.R/; N2 D N2.R/, which ensure (1.19) and (1.20). What set of convergence
is ensured by inequality (1.18) for iterations (1.14) in that case? How does this set
depend on R?

1.8. Let F 2 F .N1; N2/ and

kF 0.x�/�1kL.H2;H1/ � m:
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Show that there exist a neighborhood B.x�; r/ and a constant m1 D m1.r/, such
that

kF 0.x/�1kL.H2;H1/ � m1 8x 2 B.x�; r/:

1.9. Investigate whether conditions (1.21) and (1.22) are fulfilled for the equation
x3 � 1 D 0. Are they satisfied at the point x0 D �2�1=3? How do iterations (1.23)
behave if one starts at this initial point?

1.10. Let a function K.t; s/ be continuous on Œa; b� � Œa; b�, and functions g.s; �/;
@2g

@�2 .s; �/ be continuous on Œa; b� � R. Let also f 2 L2.a; b/ and � 2 R. Suppose

sup
s2Œa;b�;�2R

ˇ̌̌
ˇ@2g

@�2
.s; �/

ˇ̌̌
ˇ < 1:

Define the operator F W L2.a; b/ ! L2.a; b/ as

ŒF .x/�.t/ D x.t/ � �
Z b

a

K.t; s/g.s; x.s// ds � f .t/; t 2 .a; b/: (1.24)

Show that the operator F , F W H1 D L2.a; b/ ! H2 D L2.a; b/, is Fréchet
differentiable and its derivative is given by the formula

ŒF 0.x/h�.t/ D h.t/ � �
Z b

a

K.t; s/
@g

@�
.s; x.s// h.s/ ds; h 2 L2.a; b/: (1.25)

What additional requirements on the function g.s; �/ will guarantee that F 2
F .N1; N2/? Verify, that if

sup
s2Œa;b�;�2R

ˇ̌̌
ˇ @g@� .s; �/

ˇ̌̌
ˇ < 1

and j�j � �, where � is sufficiently small, then operator (1.24) satisfies condition
(1.15). Hint: it is enough to check that the norm of the solution to the linear equation
F 0.x/h D z (kzkH2

D 1) can be estimated by a constant independent on x and z.
One can use the contraction mapping principle in order to get this estimate.

1.11. Use the result of Problem 1.10 to write down iterative process (1.14) for solving
the equation

x.t/ � �
Z b

a

K.t; s/g.s; x.s// ds D f .t/; t 2 .a; b/: (1.26)

Present the iterations in a form that does not contain inverse operators.

1.12. Answer the questions of Problem 1.10 for the operator

ŒF .x/�.t/ D
Z b

a

K.t; s/g.s; x.s// ds � f .t/; t 2 .a; b/: (1.27)
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Show that F 0.x/ is a compact operator for any x 2 L2.a; b/. Recall, that a bounded
linear operator A W H1 ! H2 is compact if and only if the image of any bounded
set is a relatively compact set, i.e., if the closure of this image is a compact subset
of H2.

1.13. Generalize the results of Problems 1.10–1.12 to the case of the following oper-
ators

ŒF .x/�.t/ D x.t/ � �
Z b

a

'.t; s; x.s// ds � f .t/; (1.28)

ŒF .x/�.t/ D
Z b

a

'.t; s; x.s// ds � f .t/; t 2 .a; b/: (1.29)

Prove that if the function ' D '.t; s; �/ is twice continuously differentiable with
respect to � for t; s 2 Œa; b�, � 2 R, then condition

sup
s2Œa;b�;�2R

ˇ̌̌
ˇ@2'

@�2
.t; s; �/

ˇ̌̌
ˇ < 1

implies (1.3) in both cases.



2

The Gauss–Newton method

2.1 Motivation

The Gauss–Newton method is more applicable than the Newton one, especially if the
spaces H1 and H2 are not the same. Consider the following functional ˆ W H1 ! R

ˆ.x/ D 1

2
kF.x/k2

H2
; x 2 H1: (2.1)

Obviously, this functional is nonnegative and, therefore, it is bounded from below
on H1. Assume, ˆ has a global minimizer x�, which is not necessarily unique, i.e.,
there exists

x� 2 H1; ˆ.x�/ D inf
x2H1

ˆ.x/: (2.2)

In a particular case, when the set of the solutions to equation (1.1) is nonempty, the
infimum in (2.2) is attained exactly at this set, and

inf
x2H1

ˆ.x/ D 0:

If one has

inf
x2H1

ˆ.x/ > 0;

then any element x�, satisfying condition (2.2), can be viewed as some generaliza-
tion of a solution to (1.1). Such an element is called a least squares solution (or
quasisolution) to (1.1).

Take arbitrary x0 2 H1. For all points x, sufficiently close to x0,

F.x/ � F.x0/C F 0.x0/.x � x0/:

Using the above approximation, replace the operator F in the right-hand side of (2.1)
by the following affine operator

F.x0/C F 0.x0/.x � x0/:
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As the result of this substitution, one arrives at the quadratic functional

ˆ.x0I x/ D 1

2
kF.x0/C F 0.x0/.x � x0/k2

H2
; x 2 H1:

This functional is convex with respect to x, therefore the set of its minimizers in H1

coincides with the solution set of the following equation [28]

ˆ0
x.x0I x/ D 0:

Here ˆ0
x.x0I x/ is the gradient of the functional ˆ D ˆ.x0I x/ with respect to x.

The direct calculation yields

ˆ0
x.x0I x/ D F 0�.x0/ŒF .x0/C F 0.x0/.x � x0/�: (2.3)

Hence we get a linear operator equation in the space H1:

F 0�.x0/F.x0/C F 0�.x0/F
0.x0/.x � x0/ D 0; x 2 H1: (2.4)

In (2.4) and further, A� is a linear operator conjugate to A 2 L.H1;H2/. It is known
that A� 2 L.H2;H1/. Equation (2.4) can also be derived from (1.9), if one apples
the operator F 0�.x0/ to both sides of (1.9).

Let us point out, that F belonging to the class F .N1; N2/ does not necessarily
guarantee the existence of a minimizer for the functional ˆ D ˆ.x0I x/. Thus, solv-
ability of (2.4) is not guaranteed either. Equation (2.4) is solvable if, for example,
the operator F 0�.x0/F

0.x0/ is continuously invertible. For this reason, it is appro-
priate to extend the notion of regularity of the operator F at a point x0 introduced in
Chapter 1, i.e., to refer to the operator as regular at the point x0 not only if

F 0.x0/
�1 2 L.H2;H1/;

but also if

.F 0�.x0/F
0.x0//

�1 2 L.H1;H1/:

In accordance with that, we now call equation (1.1) regular in a neighborhood of the
solution x�, if there exists a neighborhood B.x�; "/, such that

F 0.x/�1 2 L.H2;H1/ 8x 2 B.x�; "/;

or

.F 0�.x/F 0.x//�1 2 L.H1;H1/ 8x 2 B.x�; "/:

Whenever F is regular at the point x0, equation (2.4) is uniquely solvable, and its
solution Ox is given by the formula

Ox D x0 � .F 0�.x0/F
0.x0//

�1F 0�.x0/F.x0/:



12 2 The Gauss–Newton method

If the following condition of uniform regularity is satisfied

sup
x2H1

k.F 0�.x/F 0.x//�1kL.H1;H1/ � m < 1; (2.5)

then at the point x1 D Ox one can consider the functional ˆ D ˆ.x1I x/; get the
equation similar to (2.4), solve it, consider ˆ D ˆ.x2I x/, etc. As the result, one
obtains the sequence of approximations x0; x1; : : : ; where

xnC1 D xn � .F 0�.xn/F
0.xn//

�1F 0�.xn/F.xn/; n D 0; 1; : : : : (2.6)

Iterative process (2.6) is called the Gauss–Newton method.

2.2 Convergence rates

Let us study the possibility of convergence of iterations (2.6) to the element x�,
a global minimizer of functional (2.1) in the space H1. Note, that at the point x� the
necessary condition of minimum

ˆ0.x�/ D 0

must be fulfilled. This condition, together with the identity

ˆ0.x/ D F 0�.x/F.x/; x 2 H1; (2.7)

imply

F 0�.x�/F.x�/ D 0: (2.8)

Hence, by (2.6) and (2.8), one concludes

xnC1 � x� D xn � x�

� .F 0�.xn/F
0.xn//

�1ŒF 0�.xn/F.xn/

� F 0�.xn/F.x
�/C F 0�.xn/F.x

�/ � F 0�.x�/F.x�/�
D ¹xn � x� � .F 0�.xn/F

0.xn//
�1F 0�.xn/.F.xn/ � F.x�//º

� ¹.F 0�.xn/F
0.xn//

�1.F 0�.xn/ � F 0�.x�//F.x�/º D An � Bn:

Applying inequalities (1.2) and (1.6), one estimates the norm of An as follows

kAnkH1
� 1

2
mN1N2 kxn � x�k2

H1
: (2.9)

It is easy to see, that inequality (2.9) is analogous to (1.13) in Section 1.2. The esti-
mate for kBnkH1

is the consequence of (1.3) and (2.5)

kBnkH1
� mN2 kF.x�/kH2

kxn � x�kH1
: (2.10)
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To derive (2.9) and (2.10), we use the following property of a conjugate operator:

kB�kL.H2;H1/ D kBkL.H1;H2/ 8B 2 L.H1;H2/: (2.11)

The primary case, that will interest us in the future, is the case of zero minimum of
functional (2.1), when

ˆ.x�/ D inf
x2H1

ˆ.x/ D 0:

Thus, for

"n D kxn � x�kH1
;

one gets

"nC1 � 1

2
mN1N2"

2
n CmN2kF.x�/kH2

"n; n D 0; 1; : : : :

Then F.x�/ D 0, and the above estimate for "nC1 becomes similar to (1.16).
However, the meaning of the constantm in the right-hand side is different. Using the
same argument as in Chapter 1, we verify that if

kx0 � x�kH1
� 2q

mN1N2

; q 2 .0; 1/; (2.12)

then the sequence ¹"nº converges to zero at a quadratic rate, and, therefore, the se-
quence ¹xnº converges (as n ! 1) to the solution x� of equation (1.1) in the norm
of H1. Also, as in Chapter 1, one can show that conditions (1.2) and (1.3) may be
replaced with (1.20), if q in (2.12) satisfies the inequality

2q

mN1N2

� R: (2.13)

Finally, the uniform regularity condition can be taken in the form

sup
x2B.x�;R/

k.F 0�.x/F 0.x//�1kL.H1;H1/ � m: (2.14)

In general, when kF.x�/kH2
> 0; conditions (1.20) and (2.14) do not imply even

the local convergence of the Gauss–Newton process. The local convergence of ¹xnº
to x� at a linear rate can only be guaranteed if kF.x�/kH2

is small enough (see Prob-
lem 2.4). The different nature of convergence can be explained as follows. According
to (2.7), variational problem (2.2) is formally equivalent to the operator equation

F .x/ D 0; x 2 H1; (2.15)

where F .x/ D ˆ0.x/ D F 0�.x/F.x/. Equation (2.15) can be solved by Newton’s
method. Assuming that F is twice Fréchet differentiable, one has

F 0.x/h D F 0�.x/F 0.x/hC .F 00.x/h/�F.x/; h 2 H1: (2.16)
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However, the iterative process

xnC1 D xn � F 0.xn/
�1F .xn/; n D 0; 1; : : : ; (2.17)

is inconvenient in practice, since its implementation requires the second derivative
of the operator F . One can resolve this difficulty by omitting the second term in the
right-hand side of (2.16). As the result, one gets the Gauss–Newton method. Thus,
process (2.6) can be viewed as a simplified version of (1.14). The changes made to
(2.17) are minimal for F.x�/ D 0, and this is the case when the Gauss–Newton
method converges quadratically. If F.x�/ ¤ 0, then the error introduced by omitting
the second term is greater, and it gets bigger as kF.x�/kH2

is increasing. Hence,
the convergence rate of (2.6) is reduced from quadratic to linear. For large values of
kF.x�/kH2

the method fails to converge.

Problems

2.1. Prove identities (2.3) and (2.7).

2.2. Show that the functional ˆ D ˆ.x0I x/ is convex with respect to x.

2.3. Derive estimates (2.9) and (2.10).

2.4. Let conditions (1.20) and (2.14) hold, and

mN2kF.x�/kH2
D Qq < 1:

Prove that if

"0 � min

²
2.q � Qq/
mN1N2

; R

³
; q 2 . Qq; 1/;

then limn!1 "n D 0, and the following estimate is satisfied

"n � qn"0; n D 0; 1; : : : :

2.5. Let the operator F W Rn ! Rm take the form F.x/ D Ax � f , where A is
an m � n matrix and b 2 Rm. Show that under these assumptions the regularity
condition is satisfied if and only if the columns of A are linearly independent. What
relation between m and n should necessarily be fulfilled for this condition to hold?
How can this necessary condition be generalized to the case of arbitrary nonlinear
map F W Rn ! Rm? Is Newton’s method (1.14) always executable in that case?

2.6. Investigate the applicability of iterations (2.6) to the following systems of equa-
tions 8̂<

:̂
x.1/ D 0

x.1/ � x.2/ D 0

.x.1//2 � x.1/ � x.2/ D 0

;

´
.x.1//2 � .x.2//2 D 0

x.1/x.2/ D 0
:

What set of convergence is guaranteed by inequality (2.12) and conditions (1.20),
(2.13), (2.14) for the first system?
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2.7. Show that under the assumptions of Problem 1.10 the operator, conjugate to
(1.25), is as follows

ŒF 0�.x/h�.t/ D h.t/ � �@g
@�
.t; x.t//

Z b

a

K.s; t/ h.s/ ds; h 2 L2.a; b/: (2.18)

Use the above formula to write method (2.6) for equation (1.26) in the form that does
not contain inverse operators. Prove that the iterations converge, if j�j is rather small.

2.8. Check whether the Gauss–Newton method is executable for the equations with
operators (1.27) and (1.29).

2.9. Write the Gauss–Newton method for the equation with operator (1.28).



3

The gradient method

3.1 The gradient method for regular problems

In this Chapter we consider the gradient method, which is used to iteratively approxi-
mate a solution of equation (1.1), or, more precisely, a minimizer of functional (2.1).
Following Chapter 2, suppose that x� is a solution to (1.1) and, therefore, func-
tional (2.1) attains global zero minimum at x�. The method under investigation is an
iterative procedure

xnC1 D xn � �ˆ0.xn/ D xn � �F 0�.xn/F.xn/; n D 0; 1; : : : ; x0 2 H1:

(3.1)

The scalar � > 0 in (3.1) is called a step size. If at each iteration n, � is is chosen
to minimize Q̂ .�/ D ˆ.xn � �ˆ0.xn//, then one gets the steepest descent method.
If one fixes � with 0 < � < 1

N 2
1

, one gets a method known as Landweber iteration
(see [80], ch. I).

Let us analyze conditions, sufficient for the convergence of sequence (3.1) to the
point x�. Formula (3.1), our assumption on x�, and Taylor’s expansion (1.5) imply

xnC1 � x� D xn � x� � �F 0�.xn/.F.xn/ � F.x�//
D ŒE1 � �F 0�.xn/F

0.xn/�.xn � x�/C �F 0�.xn/G.xn; x
� � xn/:

Here and below Ej is an identity operator in the space Hj , j D 1; 2: Keeping our
previous notation "n for kxn � x�kH1

, using (2.11) and inequalities (1.2), (1.6), we
obtain the following estimate

"nC1 � kE1 � �F 0�.xn/F
0.xn/kL.H1;H1/"n C 1

2
� N1N2 "

2
n; n D 0; 1; : : : :

(3.2)

The linear operator

F 0�.xn/F
0.xn/ 2 L.H1;H1/
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is self-adjoint in the space H1. Condition (1.2) yields

kF 0�.xn/F
0.xn/kL.H1;H1/ � N 2

1 :

Hence the spectrum �.F 0�.xn/F
0.xn// lies on the segment Œln; Ln� of the real axis

and for any n

ln � 0; Ln � N 2
1 :

In this textbook, by �.B/ we always denote the spectrum of an operator B 2
L.H1;H1/. By the spectral theory of self-adjoint operators [28]

kE1 � �F 0�.xn/F
0.xn/kL.H1;H1/ D max

�2�.F 0�.xn/F 0.xn//
j1 � ��j

� max
�2Œln;Ln�

j1 � ��j D qn.�/: (3.3)

From estimates (3.2) and (3.3) one concludes, that convergence of "n to zero (as
n ! 0) is guaranteed only if

qn.�/ � q < 1:

The last condition holds for a sufficiently small � > 0, if the spectra of all operators
F 0�.x/F 0.x/ are separated from zero, uniformly with respect to x 2 H1, i.e.,

inf¹� W � 2 �.F 0�.x/F 0.x//; x 2 H1º D l > 0: (3.4)

In particular, it follows from (3.4) that

ln � l > 0; n D 0; 1; : : : : (3.5)

By (3.3) and (3.5),

qn.�/ � max
�2Œl;N 2

1
�

j1 � ��j D q.�/; n D 0; 1; : : : :

It is easy to see, that for every � fixed, max�2Œl;N 2
1

� j1 � ��j is attained at one of the

endpoints of Œl; N 2
1 �, i.e.,

q.�/ D max¹j1 � �l j; j1 � �N 2
1 jº: (3.6)

Choosing the step size � > 0 rather small, one can make both constants, j1��l j and
j1� �N 2

1 j, strictly less than 1. Thus, by (3.2), (3.3), (3.6), for a small positive � , one
has

"nC1 � q.�/"n C 1

2
� N1N2 "

2
n; n D 0; 1; : : : : (3.7)

The convergence analysis of iterative process (3.1) can now be done based on the
result of Problem 2.4. This result, in particular, indicates that condition (3.4) may be
replaced with a weaker one

inf¹� W � 2 �.F 0�.x/F 0.x//; x 2 B.x�; R/º D l > 0; (3.8)
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which is equivalent to the condition of uniform regularity (2.14). Using (3.8) and
arguing like in Problem 2.4, we set

"0 � min

²
2.q1 � q.�//
� N1N2

; R

³
; q1 2 .q.�/; 1/;

and obtain the following estimate

"n � qn
1"0; n D 0; 1; : : : ;

from (3.7). Thus, the uniform regularity condition implies local convergence of the
gradient process to a solution of equation (1.1) at a linear rate. The Newton and the
Gauss–Newton methods are both quadratically convergent, if x� is a solution to (1.1).
On the other hand, practical implementation of process (3.1) is easier as compared
to the Newton and the Gauss–Newton ones.

3.2 Ill-posed case

If the operator F in equation (1.1) does not satisfy regularity condition (2.14) (or
(3.8)), then it is not possible to guarantee even local convergence of process (3.1),
although, unlike the Newton and the Gauss–Newton schemes, the gradient method
is formally executable for any differentiable operator F . It turns out, however, that
process (3.1) has some interesting properties even when the regularity condition is
violated (ill-posed case). Let us consider the behavior of the sequence ¹ˆ.xn/º in
more detail, without assuming (3.4) or (3.8). One can prove that, for a special choice
of the step size � , this sequence is monotonically decreasing. Moreover, it emerges
that

lim
n!1 kˆ0.xn/kH1

D 0: (3.9)

To verify (3.9), we use the following auxiliary results.

1) Let x; y 2 H1. Consider the scalar function ˆ.x C ty/ of a parameter t 2
Œ0; 1�. Since F 2 F .N1; N2/, this function is differentiable with respect to t , and the
Newton–Leibniz formula holds

ˆ.x C y/ �ˆ.x/ D
Z 1

0

d

dt
ˆ.x C ty/ dt D

Z 1

0

.ˆ0.x C ty/; y/H1
dt:

The above identity can be written as

ˆ.x C y/ D ˆ.x/C .ˆ0.x/; y/H1
C
Z 1

0

.ˆ0.x C ty/ �ˆ0.x/; y/H1
dt: (3.10)

2) For any x; y 2 H1 the following estimate is fulfilled

kˆ0.x/ �ˆ0.y/kH1
� .N2 min¹kF.x/kH2

; kF.y/kH2
º CN 2

1 / kx � ykH1
:

(3.11)
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Indeed, by (1.2), (1.3), (1.7), and (2.11),

kˆ0.x/ �ˆ0.y/kH1
D kF 0�.x/F.x/ � F 0�.y/F.y/kH1

� kF 0�.x/F.x/ � F 0�.y/F.x/kH1
C kF 0�.y/F.x/ � F 0�.y/F.y/kH1

� .N2kF.x/kH2
CN 2

1 /kx � ykH1
: (3.12)

In the above argument, the variables x and y can be interchanged. As the result,
kF.x/kH2

is replaced with kF.y/kH2
in the right-hand side of (3.12), and estimate

(3.11) is derived.

Let in (3.10)

x D x0; y D ��ˆ0.x0/:

By (3.1) x C y D x1, therefore

ˆ.x1/ D ˆ.x0/ � �kˆ0.x0/k2
H1

� �
Z 1

0

.ˆ0.x0 � t�ˆ0.x0// �ˆ0.x0/; ˆ
0.x0//H1

dt: (3.13)

From (3.12) one concludes

kˆ0.x0 � t�ˆ0.x0// �ˆ0.x0/kH1

� .N2kF.x0/kH2
CN 2

1 /t�kˆ0.x0/kH1
D L t�kˆ0.x0/kH1

; (3.14)

where

L D N2kF.x0/kH2
CN 2

1 : (3.15)

Applying inequality (3.14) to estimate the right-hand side of (3.13), one gets

ˆ.x1/ � ˆ.x0/ � �kˆ0.x0/k2
H1

C �2Lkˆ0.x0/k2
H1

Z 1

0

t dt

D ˆ.x0/ � �
�
1 � 1

2
�L

�
kˆ0.x0/k2

H1
: (3.16)

Take the step size � , such that

0 < � <
2

L
: (3.17)

Then, from (3.16) and (3.17), it follows that

ˆ.x1/ � ˆ.x0/; (3.18)

where inequality (3.18) is strict, if ˆ0.x0/ ¤ 0, i.e., if the necessary condition of
minimum of the functional ˆ is not satisfied at x0. Note, that by (3.18),

kF.x1/kH2
� kF.x0/kH2

: (3.19)
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Now one can repeat the above argument for x1. Obviously, if one replaces x0 with
x1 in the right-hand side of (3.16), and x1 with x2 in the left-hand side, inequal-
ity (3.16) still holds with the same constant L, defined in (3.15). That follows from
inequality (3.19). Hence, if one defines

ˇ D �

�
1 � 1

2
�L

�
;

then one has

ˆ.xnC1/ � ˆ.xn/ � ˇkˆ0.xn/k2
H1
; n D 0; 1; : : : : (3.20)

Sum up estimates (3.20) with respect to n from n D 0 to n D M , then

MX
nD0

kˆ0.xn/k2
H1

� ˆ.x0/ �ˆ.xMC1/

ˇ
� ˆ.x0/

ˇ
: (3.21)

Since M 2 N is arbitrary, (3.21) implies that the series
1X

nD0

kˆ0.xn/k2
H1

converges, and, therefore, identity (3.9) is true. Also, one can conclude from (3.20),
that the sequence ¹ˆ.xn/º is monotonically decreasing (ˆ.xnC1/ � ˆ.xn/, n D
0; 1; : : : ). This result is rather weak, because one can say nothing about the con-
vergence of ¹xnº itself, as n ! 1. Moreover, even if x� is a global minimizer of
functional (2.1), and ˆ.x�/ D 0, one cannot assert that

lim
n!1ˆ.xn/ D 0; (3.22)

i.e., that sequence (3.1) is minimizing.
Unfortunately, that is all we get for functional (2.1), when it is generated by an ir-

regular operator F 2 F .N1; N2/. One fails to be more specific about iterations (3.1)
in this case. A major obstacle here is that we do not assume the functional ˆ to
be convex. Thus, already for H1 D R, even if ˆ.x�/ D 0 and (3.22) holds, se-
quence (3.1) does not necessarily converge to the solution x� (see Problem 3.4).
On the other hand, convexity of the functional ˆ does not guarantee convergence
of xn to x� in the norm of H1 either (see Problem 3.5). The most favorable situation
to investigate convergence of gradient-type methods is the one of a strongly con-
vex functional ˆ (see Problem 3.7). In this case, the infimum in (2.2) is attained at
a unique point, and for most gradient-type methods convergence is proven with any
initial approximation (global convergence). However, if equation (1.1) is irregular,
functional (2.1) is not strongly convex.

Problems

3.1. Find minimum of function (3.6) for � > 0 and the value of � , for which this
minimum is attained.

3.2. Prove formula (3.10).
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3.3. Prove that conditions (3.8) and (2.14) are equivalent, as it was stated in the text.

3.4. Investigate convergence of iterations (3.1) for the equation

x

x2 C 1
D 0

depending on a choice of initial point x0.

3.5. Consider the functional

ˆ.x/ D
1X

kD1

.x.k//2

k2

in the Hilbert space

H1 D l2 D
°
x D .x.1/; x.2/; : : : / W

1X
kD1

.x.k//2 < 1
±
;

with the scalar product

.x; y/l2
D

1X
kD1

x.k/y.k/:

The functional ˆ has a unique minimizer in the space l2, x� D .0; 0; : : : /, and
ˆ.x�/ D 0. Show that ˆ is strictly convex, i.e.,

ˆ.tx C .1 � t /y/ < tˆ.x/C .1 � t /ˆ.y/; x ¤ y; t 2 .0; 1/:
Construct a sequence ¹xnº1

nD0 � l2, such that

lim
n!1ˆ.xn/ D 0; (3.23)

but kxnkl2
D 1; n D 0; 1; : : : : Construct a sequence ¹xnº1

nD0 � l2 satisfying (3.23),
such that kxnkl2

! 1 as n ! 1.

3.6. Let H1 D Rn. Prove that, if the set

¹x 2 Rn W ˆ.x/ � ˆ.x0/º
is bounded, then the sequence ¹xnº, defined by

xnC1 D xn � �ˆ0.xn/; n D 0; 1; : : : ; � > 0;

has limiting points, and each limiting point Nx is a stationary point for ˆ, i.e.,
ˆ0. Nx/ D 0:
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3.7. Let an operator F take the form F.x/ D Ax � f , where A 2 L.H1;H2/,
f 2 H2. Write process (3.1) for this case. Prove that the functionalˆ, corresponding
to the above operator, is convex. What conditions on the operator A guarantee strict
convexity ofˆ? What conditions on A guarantee strong convexity of ˆ? Recall, that
a functional ˆ is said to be strongly convex, if for any x; y 2 H1 there exists � > 0

such that

ˆ.tx C .1 � t /y/ � tˆ.x/C .1 � t /ˆ.y/ � �kx � yk2
H1

for any t 2 .0; 1/:
3.8. Write process (3.1) for the systems of equations from Problem 2.6. Is condi-
tion (3.8) satisfied for these systems?

3.9. Use formula (2.18) to write process (3.1) for equation (1.26). What can you say
about the convergence of this process? Answer the same questions for the equation
with operator (1.27).

3.10. Investigate whether or not it is possible to apply method (3.1) to the equations
with operators (1.28) and (1.29).
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Tikhonov’s scheme

4.1 The Tikhonov functional

As we have seen above, the problem of solving equation (1.1) numerically is closely
related to the problem of generating a convergent minimizing sequence for func-
tional (2.1). Partly, classical iterative methods solve this problem in the regular case,
i.e., one gets a convergent minimizing sequence, if the initial approximation point is
chosen successfully. For example, gradient process (3.1) induces a sequence, which
converges to a solution of equation (1.1) at a linear rate. If (1.1) is irregular, then
it is not possible, in general, to obtain a convergent minimizing sequence using the
algorithms, presented in Chapters 1–3.

Formally, the construction of a convergent minimizing sequence for arbitrary
functional (2.1) was done by A. N. Tikhonov in the 1960s. Although numerical im-
plementation of Tikhonov’s scheme can be performed effectively for convex ˆ only,
modern iterative methods for solving irregular problems on the class F .N1; N2/

exploit the basic ideas of Tikhonov’s scheme considerably. In this chapter we give
a brief account of Tikhonov’s procedure, and investigate the issue of its practical
realization.

Assume that equation (1.1) is solvable, and let X�.F / be the set of its solutions.
Obviously, the set of minimizers of functional (2.1) coincides with X�.F /. In addi-
tion to ˆ, examine the functional

ˆ˛.x/ D ˆ.x/C ˛

2
kx � 	k2

H1
D 1

2
kF.x/k2

H2
C ˛

2
kx � 	k2

H1
; x 2 H1; (4.1)

which is called the Tikhonov functional for equation (1.1). Here ˛ > 0 is a regular-
ization parameter and 	 is some fixed element of the space H1. It is clear, that

inf
x2H1

ˆ˛.x/ � 0 8˛ � 0:

The functional ˆ˛ does not necessarily have a global minimizer. However, for any
˛ > 0 and for any " > 0 there exists an element x"

˛ 2 H1, such that ˆ˛.x
"
˛/ differs
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from the infimum by not more than ", i.e.,

inf
x2H1

ˆ˛.x/ � ˆ˛.x
"
˛/ � inf

x2H1

ˆ˛.x/C ":

Suppose that " D ".˛/ depends on the regularization parameter ˛ in such a way that

lim
˛!0

".˛/

˛
D 0: (4.2)

Take some x� 2 X�.F /. Recall, that by our assumption, X�.F / ¤ ;. By the defi-
nition of x"

˛ ,

ˆ˛.x
"
˛/ � ˆ˛.x

�/C ".˛/:

Therefore, by (4.1) one gets

ˆ.x"
˛/C ˛

2
kx"

˛ � 	k2
H1

� ˛

2
kx� � 	k2

H1
C ".˛/: (4.3)

From (4.3) it follows that

ˆ.x"
˛/ � ˛

2
kx� � 	k2

H1
C ".˛/; (4.4)

kx"
˛ � 	k2

H1
� kx� � 	k2

H1
C 2".˛/

˛
: (4.5)

For the sake of simplicity, the set of elements ¹x".˛/
˛ º˛2.0;˛0� (˛0 > 0) is called

a sequence throughout this section. By (4.2)

lim
˛!0

".˛/ D 0:

Hence, (4.4) implies that the sequence x".˛/
˛ is minimizing for the functional ˆ as

˛ ! 0, i.e.,

lim
˛!0

ˆ.x".˛/
˛ / D inf

x2H1

ˆ.x/ D 0:

4.2 Properties of a minimizing sequence

1) First, let us prove that, under some additional assumption on the operator F , the
sequence x".˛/

˛ converges strongly to the set X�.F / in a sense that

lim
˛!0

dist.x".˛/
˛ ; X�.F // D 0;

where, by definition, for any D � H1

dist.x;D/ D inf
y2D

kx � ykH1
; x 2 H1:
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Note, that by (4.5), the set of elements ¹x".˛/
˛ º˛2.0;˛0� is bounded in the norm of H1

for any ˛0 > 0. Take arbitrary sequence of regularization parameters ¹˛nº, satisfying
the condition

lim
n!1˛n D 0:

By virtue of its boundedness, the corresponding sequence ¹x".˛n/
˛n

º is weakly com-
pact, i.e., any infinite subset of its elements contains a subsequence that converges
weakly in H1 to some element of H1. Thus, without loss of generality, one may
conclude that the sequence ¹x".˛n/

˛n
º itself converges weakly to an element z� 2 H1.

Suppose now that the operator F in (1.1) is weakly continuous, i.e., it maps any se-
quence ¹znº, weakly convergent in H1 to some element Nz, to the sequence ¹F.zn/º,
weakly convergent in H2 to F. Nz/ (as n ! 1). Unfortunately, the weak continuity
of an operator does not follow, in general, from its strong continuity, i.e., the conti-
nuity of a map F W H1 ! H2 in the norms of H1 and H2. An example of a weakly
continuous operator is given in Problem 4.15 below.

Under the assumption that F in equation (1.1) is weakly continuous, inequality
(4.4) implies z� 2 X�.F /. Indeed, since ¹x".˛n/

˛n
º converges weakly in H1 to z�,

the sequence ¹F.x".˛n/
˛n

/º converges weakly in H2 to F.z�/. The norm in a Hilbert
space is weakly lower semi-continuous. Hence,

kF.z�/kH2
� lim inf

n!1 kF.x".˛n/
˛n

/kH2
:

By estimate (4.4),

1

2
kF.x".˛n/

˛n
/k2

H2
� ˛n

2
kx� � 	k2

H1
C ".˛n/;

and therefore

lim
n!1 kF.x".˛n/

˛n
/kH2

D 0:

Thus, F.z�/ D 0 and z� 2 X�.F /. Besides,

x".˛n/
˛n

� 	 ! z� � 	; n ! 1; (4.6)

weakly in H1 as n ! 1. Let us show, that the sequence ¹x".˛n/
˛n

� 	º, in fact,
converges strongly to z� �	 . Inequalities (4.4) and (4.5) are satisfied for any element
from the solution set X�.F /, in particular, for the element z�. So, (4.2) and (4.5)
yield

lim sup
n!1

kx".˛n/
˛n

� 	kH1
� kz� � 	kH1

: (4.7)

On the other hand, from (4.6) it follows that

kz� � 	kH1
� lim inf

n!1 kx".˛n/
˛n

� 	kH1
: (4.8)
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Applying (4.7) and (4.8), one derives

lim
n!1 kx".˛n/

˛n
� 	kH1

D kz� � 	kH1
: (4.9)

Weak convergence (4.6) in H1 and convergence (4.9) of the norms imply that
x

".˛n/
˛n

� 	 converges strongly to z� � 	 as n ! 1, and

lim
n!1 kx".˛n/

˛n
� z�kH1

D 0:

This limit results in the identity

lim
˛!0

inf
x�2X�.F /

kx".˛/
˛ � x�kH1

D 0; (4.10)

which completes the proof.

2) Now let us verify, that with the operatorF being weakly continuous, the functional
ˆ˛ has a global minimizer, i.e., 8˛ > 0

inf
x2H1

ˆ˛.x/ (4.11)

is attained at some element from H1, and one can take ".˛/ D 0 in the argument
above. In order to prove that, consider an arbitrary minimizing sequence ¹xnº for the
functional ˆ˛:

lim
n!1ˆ˛.xn/ D d˛ WD inf

x2H1

ˆ˛.x/:

For any ! > 0, there exists N.!/ such, that for every n � N.!/ the following
inequality holds

ˆ˛.xn/ � d˛ C !:

Therefore, using (4.1), one gets the estimates, similar to (4.4) and (4.5):

1

2
kF.xn/k2

H2
� d˛ C !; kxn � 	k2

H1
� 2.d˛ C !/

˛
; n � N.!/:

Hence, ¹xnº and ¹F.xn/º are bounded, and without loss of generality, one concludes
that these sequences converge weakly in H1 and H2 to the elements Qx and Qf , re-
spectively. Weak continuity of the operator F in (1.1) implies that Qf D F. Qx/, and
one has

d˛ � ˆ˛. Qx/ D 1

2
kF. Qx/k2

H2
C ˛

2
k Qx � 	k2

H1

� lim inf
n!1

�
1

2
kF.xn/k2

H2
C ˛

2
kxn � 	k2

H1

�
� d˛ C !:

Since ! > 0 is arbitrary, this estimate yields d˛ D ˆ˛. Qx/, and infx2H1
ˆ˛.x/ is

attained at the element Qx.
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3) The process we describe here, aimed at the construction of a minimizing sequence
for the functionalˆ, is called the Tikhonov scheme. Note, that for a generic operator
F 2 F .N1; N2/, identity (4.10) cannot be replaced with a statement about either
strong or weak convergence of the sequence ¹x".˛/

˛ º as ˛ ! 0. In this sense, (4.10)
is not possible to improve (see Problem 4.10). If the solution set X�.F / consists of
a unique point x�, then (4.10) implies that ¹x".˛/

˛ º converges to x�:

lim
˛!0

kx".˛/
˛ � x�kH1

D 0:

If there is more than one point in X�.F /, then, for a weakly continuous F , identity
(4.10) can be specified as follows. Denote by X��.F / the set of all elements in
X�.F /, nearest to 	 , i.e.,

X��.F / D ¹x�� 2 X�.F / W kx�� � 	kH1
D dist.	; X�.F //º:

Using (4.5), one can prove that X��.F / ¤ ; in the same way one proves the ex-
istence of a global minimizer for the functional ˆ˛ (see Problem 4.11). Then one
arrives at the following refinement of (4.10):

lim
˛!0

dist.x".˛/
˛ ; X��.F // D 0: (4.12)

4.3 Other types of convergence

The properties of a minimizing sequence, presented in Section 4.2, have been ob-
tained under the assumption that the operator F in (1.1) is weakly continuous. Here
we would like to demonstrate a technique that allows one not to use this assumption.

Let us replace the weak continuity of F by the condition of a compact embed-
ding of H1 into some metric space .X; 
X /. Namely, suppose H1 is included into
the space X element by element, i.e., each element of the initial space H1 is also
an element of X . The compact embedding condition amounts to the compactness
of the operator Id W H1 ! X , identifying an arbitrary element x 2 H1 with the
same element, but viewed as an element of X . In other words, it is required that any
subset of H1, bounded in the norm of H1, is compact as a subset of X with the met-
ric 
X . One should keep in mind, that the limit of a sequence of elements from H1,
convergent in X , may not be an element of H1.

Consider now our operator F as acting from X to H2. This operator is natu-
rally defined on all elements of X , that belong to H1. Assume there is a continuous
extension of F onto the space X . In practically interesting cases, this assumption is
usually fulfilled. Define the extension by NF , and letX�. NF / be the solution set for the
equation NF .x/ D 0 in the space X . In general, this set is bigger than the solution set
X�.F / of the initial equation in the spaceH1. Let us go back to ¹x".˛/

˛ º, and consider
this sequence as a sequence of elements in X . By definition of the operator NF ,

NF .x".˛/
˛ / D F.x".˛/

˛ /; ˛ > 0: (4.13)
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According to (4.5), one can extract a subsequence from any sequence ˛n ! 0

(n ! 1) in such a way, that the corresponding elements x".˛n/
˛n

converge in X
to some element Nx 2 X . By (4.13), continuity of NF , and inequality (4.4), Nx is con-
tained in X�. NF /. Hence, the sequence ¹x".˛/

˛ º converges in the metric of X to the
set X�. NF / as ˛ ! 0, i.e.,

lim
˛!0

inf
z2X�. NF /


X .z; x
".˛/
˛ / D 0: (4.14)

This relation is similar to (4.10), but convergence of the approximations x".˛/
˛ is

established in the metric 
X , which generates a weaker topology as compared to
the topology of the norm in the original space H1. One can see, that for successful
implementation of the above idea, the operator F must admit a continuous extension
from H1 onto a suitable metric space X .

Here is a typical example that illustrates how the proposed scheme can be applied
in practice. Consider equation (1.1) with the following integral operator

ŒF .x/�.t/ D
Z b

a

'.t; s; x.s// ds � f .t/; t 2 .a; b/; (4.15)

where ' D '.t; s; �/ and f D f .t/ are some given functions. TakeW 1
2 .a; b/ asH1,

the Sobolev space of functions form L2.a; b/ with square integrable generalized
derivatives. Let H2 D L2.a; b/. It has been proven in a classical functional analy-
sis course that the space W 1

2 .a; b/ is compactly embedded in C Œa; b�, the space of
functions continuous on Œa; b�. See, for example, [71]. If f and ' are continuous
functions of their arguments, then operator (4.15) is defined on W 1

2 .a; b/ as well as
on C Œa; b�, and it is continuous in both spaces as acting to L2.a; b/. Therefore the
required continuation NF is described by the same formula (4.15), just like the initial
operator F . Thus, Tikhonov’s scheme, which guarantees the construction of a min-
imizing sequence ¹x".˛/

˛ º (˛ ! 0), weakly convergent in W 1
2 .a; b/, also ensures

strong convergence of this sequence in C Œa; b� to X�. NF /, the solution set for the
equation NF .x/ D 0 in the space C Œa; b�.

In conclusion, we would like to point out, that the above method of getting
a convergent minimizing sequence is not constructive, in most cases. The reason
for that is the lack of general effective algorithms for computing the elements x".˛/

˛ ,
or x˛ D x0

˛ , for arbitrary operators F 2 F .N1; N2/. Already for H1 D H2 D R,
the Tikhonov functional ˆ˛ may have numerous local minima (see Problem 4.14),
and the problem of finding x".˛/

˛ (" � 0) becomes a problem of global optimization.
However, there is an important class of equations (1.1), for which the elements x˛

can be calculated numerically in a rather effective manner. We shall consider this
class in our next chapter.
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4.4 Equations with noisy data

Let us briefly discuss the case of a perturbed operator F in equation (1.1). To this
end, instead of (1.1), consider the following equation

F.x/ D f; x 2 H1 .f 2 H2/: (4.16)

Suppose that f in the right-hand side of (4.16) is given by its ı-approximation
Qf 2 H2, i.e.,

k Qf � f kH2
� ı: (4.17)

Let the error estimate ı be given, and our previous assumptions on the operator F be
satisfied. In place of the exact discrepancy functional

ˆ.x/ D 1

2
kF.x/ � f k2

H2
; x 2 H1;

one now has

Q̂ .x/ D 1

2
kF.x/ � Qf k2

H2
; x 2 H1:

The corresponding Tikhonov functional takes the form

Q̂
˛.x/ D Q̂ .x/C ˛

2
kx � 	k2

H1
D 1

2
kF.x/ � Qf k2

H2
C ˛

2
kx � 	k2

H1
; x 2 H1:

In accordance with the above Tikhonov’s scheme, fix ˛; " > 0 and define the ele-
ments x"

˛ from the condition

x"
˛ 2 H1; inf

x2H1

Q̂
a.x/ � Q̂

˛.x
"
˛/ � inf

x2H1

Q̂
˛.x/C ": (4.18)

Here we cannot expect x"
˛ , satisfying (4.18), to somehow approximate the solution

set X�.F / of equation (4.16) as ˛; " ! 0. Since the discrepancy functional of the
original equation is given with a fixed error, ı, the scalars ˛ and " must not only be
in agreement with one another, but also with this error, and therefore their values
should not be very small. Indeed, it does not make much of a sense to minimize the
perturbed Tikhonov functional with the accuracy, substantially exceeding the error,
with which this functional is known. Thus, we regard ˛ and " as functions of ı, i.e.,
˛ D ˛.ı/, " D ".ı/. Following the logic of Section 4.1 and using inequality (4.17),
instead of (4.4) and (4.5) one gets

kF.x"
˛/ � Qf k2

H2
� ı2 C ˛kx� � 	k2

H1
C 2"; (4.19)

kx"
˛ � 	k2

H1
� kx� � 	k2

H1
C 2"C ı2

˛
; (4.20)

where x� is an arbitrary element of the set X�.F /. It is clear, that estimates (4.19)
and (4.20) can be obtained from (4.4) and (4.5), if one replaces " with " C ı2=2.
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This observation allows one to formulate the conditions on ˛ D ˛.ı/ and " D ".ı/,
sufficient for the convergence (as ı ! 0) of x".ı/

˛.ı/
to X��.F /, the set of solutions to

(4.16), nearest to the element 	 . Namely, let the operator F be weakly continuous. If

lim
ı!0

˛.ı/ D lim
ı!0

ı2

˛.ı/
D lim

ı!0

".ı/

˛.ı/
D 0; (4.21)

then

lim
ı!0

sup
Qf Wk Qf �f kH2

�ı

dist.x".ı/

˛.ı/
; X��.F // D 0; (4.22)

which is similar to (4.12).

Problems

4.1. Is F belonging to the class F .N1; N2/ necessary for the validity of identities
(4.10) and (4.14)?

4.2. Prove relations (4.10) and (4.14).

4.3. Show that, regardless of whether or not equation (1.1) is solvable,

lim
˛!0

ˆ.x".˛/
˛ / D d WD inf

x2H1

ˆ.x/:

Hint: Derive inequality, similar to (4.3), with x� replaced by x�
! such, that d �

ˆ.x�
!/ � d C !, ! > 0. Then choose ! as a function of ˛.

4.4. Prove that the set X�.F / is closed in H1, and, if the operator F is weakly
continuous, X�.F / is also weakly closed, i.e., the weak limit of any subsequence of
its elements is contained in X�.F /.

4.5. Prove that the set X�. NF / is closed in X .

4.6. Which operator equation becomes the necessary condition of minimum for the
functional, defined by (4.1) and (4.15)? Hint: Use the result from Problem 3.10.

4.7. Can one replace the space C Œa; b� with L2.a; b/ in the above example related to
operator (4.15)?

4.8. An operator F W H1 ! H2 is said to be weakly closed, if for any sequence ¹xnº,
conditions

xn ! Qx weakly in H1 and F.xn/ ! Qf weakly in H2 as n ! 1
imply

Qf D F. Qx/:
Prove that any weakly continuous operator is also weakly closed.
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4.9. Show that the results of Chapter 4 remain valid, if we assume that F is weakly
closed instead of assuming that it is weakly continuous.

4.10. Consider the operator F W Œ�2; 2� ! R, F.x/ D x2 � 1. Construct its contin-
uation on R, which is in the class F .N1; N2/ and whose values outside the interval
Œ�2; 2� are at least 1. Apply Tikhonov’s scheme with 	 D 0 to the continued operator
and show, that for any sequence ˛n ! 0 (n ! 1) the elements x".˛n/

˛n
may not have

a limit, if ".˛n/ > 0, n D 0; 1; : : : :

4.11. Prove that X��.F / ¤ ;. Hint: Use the result of Problem 4.4.

4.12. Prove equality (4.12).

4.13. Show that the operator F W Œ�1; 1� ! R,

F.x/ D
²
x5 sin.1=x/; x 2 Œ�1; 1�n¹0º
0; x D 0

can be continued on all of R in such a way, that the resulting operator is in the class
F .N1; N2/.

4.14. Set 	 D 0 in (4.1) and investigate the Tikhonov functional for the operator,
obtained in Problem 4.13. Prove that the number of local minima of this functional
grows unboundedly as ˛ ! 0. Verify that, for sufficiently large values of ˛ > 0,
the functional becomes strongly convex and, therefore, it has only one (global) min-
imum.

4.15. Let V W H1 ! H be a linear compact operator, G W H ! H2 be a continuous
operator, H be a Hilbert space. Show that the operator F W H1 ! H2 such that

F.x/ D G.Vx/; x 2 H1;

takes any weakly convergent sequence to a strongly convergent sequence and, there-
fore, it is weakly continuous. Assuming that the operator G is differentiable, find the
derivative F 0.x/. Prove that, if G is from the class F .N1; N2/ as a mapping fromH

to H2, then F is also from that class, probably with different constants N1 and N2.

4.16. Prove that condition (4.21) implies (4.22).
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Tikhonov’s scheme for linear equations

5.1 The main convergence result

In this chapter we consider an important special case of equation (1.1), when the
operator F takes the form

F.x/ D Ax � f; A 2 L.H1;H2/; f 2 H2: (5.1)

In other words, we are talking about a linear operator equation

Ax D f; x 2 H1: (5.2)

The operator F , defined by (5.1), belongs to the class F .N1; 0/,N1 � kAkL.H1;H2/.
In this case it is not difficult to prove the existence of a unique global minimizer,
x˛ 2 H1, for the functional (4.1), which now takes the form

ˆ˛.x/ D 1

2
kAx � f k2

H2
C ˛

2
kx � 	k2

H1
; x 2 H1:

Indeed, consider the gradient of this functional:

ˆ0̨ .x/ D .A�Ax � A�f /C ˛.x � 	/; x 2 H1:

Here A�A is a self-adjoint operator, acting from H1 to H1, and

.A�Ax; x/H1
D kAxk2

H2
� 0 8x 2 H1;

which implies that the operator A�A is nonnegative. Therefore

.ˆ0̨ .x/ �ˆ0̨ .y/; x � y/H1
� ˛kx � yk2

H1
8x; y 2 H1 .˛ > 0/:

Thus, one concludes that, whenever F is given by (5.1), functional (4.1) is strongly
convex. In classical optimization theory it is established, that for a strongly convex
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functional there exists a unique point of minimum on any convex closed set. There-
fore, functional (4.1) has a unique minimizer, x˛ , on H1, and x˛ can be found from
the equation

ˆ0̨ .x/ D 0; x 2 H1:

In detail, one can write this equation as follows

.A�AC ˛E1/x D A�f C ˛	: (5.3)

The operatorA�AC˛E1 in (5.3) is continuously invertible for any ˛ > 0. Moreover,
using a number of techniques, one can show that

k.A�AC ˛E1/
�1kL.H1;H1/ � 1

˛
; ˛ > 0: (5.4)

The element x˛ admits an explicit representation

x˛ D ˛.A�AC ˛E1/
�1	 C .A�AC ˛E1/

�1A�f
D ŒE1 � .A�AC ˛E1/

�1A�A�	 C .A�AC ˛E1/
�1A�f: (5.5)

Let the solution set X�.F / of equation (5.2) be nonempty. It is easy to check, that
X�.F / is an affine subspace in H1, i.e., the set of the form

L˛ D ¹x 2 H1 W x D aC y; y 2 Lº;
where a is a fixed element from H1, L is a linear subspace in H1. So, for any x� 2
X�.F / one gets

X�.F / D ¹x 2 H1 W x D x� C y; y 2 N.A/º D N.A/C x�:
Here and below

N.A/ D ¹x 2 H1 W Ax D 0º
is a null-space (kernel) of the operator A 2 L.H1;H2/. The linear subspace N.A/
and the affine subspace X�.F / are both closed subsets ofH1. As it follows from the
theorem about a projection of a point onto a convex closed set in a Hilbert space,
there is a unique element x�

�
2 X�.F /, neatest to 	. Besides, the operator F , defined

by (5.1), is weakly continuous. It has been verified in Chapter 4 (see (4.12)), that any
sequence ¹ Nxnº such, that

lim
n!1 kA Nxn � f kH2

D 0;

lim sup
n!1

k Nxn � 	kH1
� kx� � 	kH1

8x� 2 X�.F /;

contains a subsequence, converging strongly to the set

X��.F / D ¹x�� 2 X�.F / W kx�� � 	kH1
D dist.	; X�.F //º:

In our case, according to (4.4) and (4.5), as ¹ Nxnº one can take ¹x˛n
º with

limn!1 ˛n D 0. Since for operator (5.1) the set X��.F / consists of a single el-
ement x�

�
, X��.F / D ¹x�

�
º, one arrives at the conclusion

lim
˛!0

kx˛ � x�
� kH1

D 0: (5.6)
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5.2 Elements of spectral theory

In order to simplify our presentation, suppose that the operator A is compact. Recall
some facts from analysis (see, for example, [28]). A self-adjoint compact nonneg-
ative operator A�A has a finite or a countable set of orthonormal eigenvectors ek

with the corresponding eigenvalues �k (A�Aek D �kek), k D 1; 2; : : : ; and one can
assume

�1 � �2 � � � � � �k � � � � > 0; (5.7)

where any chain of equalities in (5.7) is necessarily finite. If there is a countable set
of distinct eigenvalues �k , then limk!1 �k D 0. The spectrum of the operator A�A
takes the form

�.A�A/ D
�[

k

¹�kº
�

[ ¹0º;

and

�.A�A/ � Œ0; kAk2
L.H1;H2/�:

An arbitrary element u 2 H1 can be decomposed in terms of orthonormal system
¹ekº:

u D
X

k

.u; ek/H1
ek C PN.A�A/u: (5.8)

In this expansion, PN.A�A/ is an orthogonal projection onto the null-space N.A�A/,
and the second part of the expansion is orthogonal to the first one. Note,
N.A�A/ D N.A/. Let‰.�/ be a scalar real-valued function, defined on the segment
Œ0; kAk2

L.H1;H2/
� and, therefore, on the spectrum �.A�A/. Then we set up a function

‰.A�A/ of the operator A�A as follows. Assign an element u 2 H1 to the domain
D.‰.A�A// of the operator ‰.A�A/, if the seriesX

k

‰.�k/.u; ek/H1
ek

converges in the norm of H1, and for any u 2 D.‰.A�A// define

‰.A�A/u D
X

k

‰.�k/.u; ek/H1
ek C‰.0/PN.A�A/u: (5.9)

The operator ‰.A�A/ W D.‰.A�A// � H1 ! H1, introduced in (5.9), is not nec-
essarily bounded. The necessary and sufficient condition for the operator‰.A�A/ to
be bounded is

sup
�2�.A�A/

j‰.�/j < 1:
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In that case, D.‰.A�A// D H1, identity (5.9) is satisfied for any u 2 H1, and

k‰.A�A/kL.H1;H1/ D sup
�2�.A�A/

j‰.�/j: (5.10)

In addition to that, the operator ‰.A�A/ is self-adjoint. Clearly, if the set of distinct
eigenvalues �k in (5.7) is finite, then D.‰.A�A// D H1 for any function

‰ W Œ0; kAk2
L.H1;H2/� ! R:

Formulas (5.8)–(5.10) can naturally be generalized to the case of an arbitrary self-
adjoint nonnegative compact operatorB 2 L.H1;H1/. One just has to putB instead
of A�A whenever it is relevant. For example, definition (5.9) takes the form

‰.B/u D
X

k

‰.�k/.u; ek/H1
ek C‰.0/PN.B/u;

where ¹.�k ; ek/º is now the system of positive eigenvalues and the corresponding
orthonormal eigenvectors of the operator B . The equalities

D.‰.B// D H1; ‰.B/ 2 L.H1;H1/; k‰.B/kL.H1;H1/ D sup
�2�.B/

j‰.�/j

hold if and only if

sup
�2�.B/

j‰.�/j < 1:

Also, ‰.B/� D ‰.B/.

5.3 Minimizing sequences for linear equations

In this section we show that special form (5.1) of the operator F allows one to prove
relation (5.6) without using the results of Chapter 4. As ‰.�/ in (5.9) consider

‚.�; ˛/ D 1

�C ˛
; � � 0; (5.11)

where ˛ is a fixed positive parameter. One can verify that for ‚ D ‚.�; ˛/ expres-
sion (5.9) defines a bounded linear operator‚.A�A; ˛/, and this operator is equal to
.A�AC ˛E1/

�1: Identity (5.5) can now be reformulated as follows

x˛ D ŒE1 �‚.A�A; ˛/A�A�	 C‚.A�A; ˛/A�f; ˛ > 0: (5.12)

Let us check that both terms in the right-hand side of (5.12) have limits in the norm
of H1 as ˛ ! 0; the first term approaches the projection of 	 onto the null-space
N.A�A/ of the operator A�A, and the second one approaches the minimal norm
solution of (5.2), i.e., the element x�

0 2 X�.F /.
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1) Consider the first term. By (5.9) and (5.11), it can be written in the form

˛.A�AC ˛E1/
�1	 D

X
k

˛

�k C ˛
.	; ek/H1

ek C PN.A�A/	:

Prove that

lim
˛!0

���X
k

˛

�k C ˛
.	; ek/H1

ek

���
H1

D 0: (5.13)

Indeed, if the sum in (5.13) contains a finite number of terms, then (5.13) is obviously
true. Suppose, there are infinitely many terms. Fix any ˛ > 0. The square of the norm
in the left-hand side of (5.13) represents the following series

1X
kD1

˛2

.�k C ˛/2
.	; ek/

2
H1

D R.˛/:

By Bessel’s inequality, the series

1X
kD1

.	; ek/
2
H1

converges. Hence, for any " > 0 fixed, there exists a number N D N."/ such, that

1X
kDN."/C1

.	; ek/
2
H1

� "

2
:

Therefore,

1X
kDN."/C1

˛2

.�k C ˛/2
.	; ek/

2
H1

�
1X

kDN."/C1

.	; ek/
2
H1

� "

2
:

So, for any ˛ > 0,

R.˛/ �
N."/X
kD1

˛2

.�k C ˛/2
.	; ek/

2
H1

C "

2
:

In this inequality, the first term is bounded from above by the product

˛2

.�N."/ C ˛/2

N."/X
kD1

.	; ek/
2
H1
;

which does not exceed "=2 for a sufficiently small ˛ > 0. Thus, (5.13) is proven.

2) Let us investigate the second term in (5.12). It takes the form

z˛ D ‚.A�A; ˛/A�Ax�; ˛ > 0; (5.14)
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where x� is an arbitrary solution of equation (5.2). Recall, that the set X�.F / is not
empty by our assumption. Since Ax� D f for any x� 2 X�.F /, the sequence ¹z˛º
remains the same for any choice of x�. According to (5.8) and (5.9), for z˛ , defined
in (5.14), one gets

z˛ D
X

k

�k

�k C ˛
.x�; ek/H1

ek :

Now consider

w� D
X

k

.x�; ek/H1
ek :

Since x� 2 H1, the element w� is well-defined and, by (5.8), is orthogonal to the
subspace N.A�A/. Besides, we point out, that w� does not, in fact, depend on x� 2
X�.F /, and the following relation is satisfied

lim
˛!0

kz˛ � w�kH1
D 0; (5.15)

which is the consequence of (5.13), if one replaces 	 with x� in that identity. Now
(5.8) yields

w� D .E1 � PN.A�A//x
�;

therefore w� is also a solution to (5.2). In addition to that, the orthogonal expansion
holds

x� D .E1 � PN.A�A//x
� C PN.A�A/x

� D w� C PN.A�A/x
�: (5.16)

Equation (5.16) implies that

kw�kH1
� kx�kH1

8x� 2 X�.F /;

i.e., w� is a minimal norm element of the set X�.F /. By (5.13) and (5.15), the limit
(as ˛ ! 0) of the sequence x˛ , introduced in (5.5), exists and it is equal to

w� C PN.A�A/	 D x�
� :

The last equality can also be established by a direct verification of the necessary and
sufficient condition of minimum in the problem of finding an element x�

�
2 X�.F /,

nearest to 	. This condition is of the form

.	 � x�
� ; x

� � x�
� /H1

D 0 8x� 2 X�.F /: (5.17)

5.4 A priori agreement between the regularization
parameter and the error for equations with
perturbed right-hand sides

Frequently, when we are trying to approximate a solution to equation (5.2) in the
process of mathematical modeling, the pair .A; f / is not known exactly. Instead,
some other pair, . QA; Qf /, is available, where QA is a linear operator from H1 to H2,
close to A in some sense, and Qf 2 H2 is close to f . In order to obtain x˛ in this
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case, naturally, one uses . QA; Qf / in place of .A; f / in formula (5.12). However, if
the approximations x˛ get constructed that way, one obtains the elements, which do
not satisfy (5.6), in general. To analyze the situation in details, one has to be more
specific about the connection between . QA; Qf / and .A; f /. In this lecture course we
restrict ourselves to the case when the noisy pair takes the form .A; Qf / and

k Qf � f kH2
� ı: (5.18)

In other words, it is assumed that we know the exact operator A D QA, the right-
hand side f is given by its approximation Qf , and the upper bound for the error
k Qf � f kH2

is available. As the result, for any ˛ fixed, one calculates x˛. Qf / instead
of x˛ D x˛.f /, and x˛. Qf / is defined by (5.3), (5.5) and (5.12) if one replaces f
with Qf there. For ˛ and ı fixed, it is not difficult to estimate the proximity of x˛.f /

and x˛. Qf / in the norm of H1. Indeed, it follows from (5.12) and (5.18) that

kx˛. Qf / � x˛.f /kH1
� k‚.A�A; ˛/A�kL.H2;H1/ı: (5.19)

To evaluate the norm in the right-hand side of this inequality, apply formula (5.9).
Since A�v is orthogonal to the null-space of the operator A�A for any v 2 H2, one
has

‚.A�A; ˛/A�v D
X

k

1

�k C ˛
.A�v; ek/H1

ek C 1

˛
PN.A�A/A

�v

D
X

k

1

�k C ˛
.A�v; ek/H1

ek D
X

k

1

�k C ˛
.v;Aek/H2

ek :

Recall that, for any operator B 2 L.H2;H1/,

H1 D N.B�/˚ R.B/; (5.20)

where

R.B/ D ¹x 2 H1 W x D By; y 2 H2º
is the image of the operator B , the over-bar stands for the closure in the norm of H1.
The orthogonality of A�v to the null-space of A�A, N.A�A/ D N.A/, follows
from (5.20) for B D A�. Therefore

k‚.A�A; ˛/A�vk2
H1

D
X

k

1

.�k C ˛/2
.v; Aek/

2
H2

D
X

k

�k

.�k C ˛/2

�
v;

1p
�k

Aek

�2

H2

:

The elements

1p
�k

Aek ; k D 1; 2; : : : (5.21)
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form an orthonormal system in the space H2. So, by Bessel’s inequality one obtains

X
k

�
v;

1p
�k

Aek

�2

H2

� kvk2
H2
:

Hence

k‚.A�A; ˛/A�vkH1
� sup

k

p
�k

�k C ˛
kvkH2

; ˛ > 0;

and

k‚.A�A; ˛/A�kL.H2;H1/ � sup
k

p
�k

�k C ˛

� sup
�2Œ0;1/

p
�

�C ˛
D 1

2
p
˛
; ˛ > 0: (5.22)

Finally, from (5.19) and (5.22) one derives

kx˛. Qf / � x˛.f /kH1
� ı

2
p
˛
: (5.23)

Inequality (5.23) illustrates that, for any ˛ fixed, approximation (5.5) is stable with
respect to the perturbations of f . However, the approximation error is increasing as
˛ is getting smaller, and it goes to infinity as ˛ ! 0. Also, estimate (5.23) yields

kx˛. Qf / � x�
� kH1

� kx˛.f / � x�
� kH1

C ı

2
p
˛
: (5.24)

As ˛ ! 0, the first term in the right-hand side of this inequality approaches zero
by (5.6), while the second term tends to infinity. Still, if there is a set of approxima-
tions Qf , for which the corresponding ı ! 0, then choosing ˛ D ˛.ı/ for every ı in
such a way that

lim
ı!0

˛.ı/ D lim
ı!0

ıp
˛.ı/

D 0; (5.25)

and applying (5.24), one arrives at the following conclusion

lim
ı!0

sup
Qf Wk Qf �f kH2

�ı

kx˛.ı/. Qf / � x�
� kH1

D 0: (5.26)

One can take, for instance, ˛.ı/ D Cı; C > 0; as a function satisfying condition
(5.25). Relation (5.26) indicates that, for the appropriate choice of ˛.ı/, approxima-
tions x˛. Qf / have the property, which is typical for approximate solutions of regular
operator equations, i.e., x˛. Qf / approach the exact solution as ı ! 0.

The result is obtained by means of a special connection between the regulariza-
tion parameter ˛ and the error ı. It is obvious, however, that agreement (5.25) is not
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practical if one is solving particular equation (5.2) with a fixed perturbed right-hand
side Qf and the corresponding error ı. The above example of a function ˛ D ˛.ı/

shows that, theoretically, any value of ˛.ı/ works for an individual equation with a
fixed ı, while the approximation x˛.ı/. Qf / depends on the choice of ˛.ı/ consider-
ably. Therefore, statements like (5.26), derived under assumptions like (5.25), are of
theoretical importance, primarily. According to (5.25), the function ˛.ı/ is assigned
a priori, i.e., before one calculates approximations (5.12), and the results of these cal-
culations do not affect the value of ˛.ı/. This is called an a priori agreement between
the regularization parameter and the error. The above disadvantage of a priori agree-
ments can partly be eliminated, if one selects ˛.ı/ based on calculations of x˛. Qf /
with some set of test values of ˛ > 0 instead of setting the value of ˛.ı/ in advance.
Such rules of choosing the regularization parameter, called a posteriori rules, are of-
ten more flexible, because they take into consideration the particular input data Qf
that is associated with a problem in question. Recall, that general a priori rule (5.25)
applies to all approximate right-hand sides Qf , satisfying (5.18). Below we present
one of the simplest a posteriori rules for choosing ˛.

5.5 The discrepancy principle

We start with a remark on formula (5.12). Show that

‚.A�A; ˛/A� D .˛E1 C A�A/�1A� D A�.˛E2 C AA�/�1: (5.27)

Indeed, let

u D .˛E2 C AA�/�1v; v 2 H2: (5.28)

To prove (5.27) it is sufficient to verify that

.˛E1 C A�A/�1A�v D A�u

or, equivalently,

A�v D .˛E1 C A�A/A�u:

Clearly, the last expression follows directly from (5.28). Identity (5.27) can be writ-
ten in the form

‚.A�A; ˛/A� D A�‚.AA�; ˛/; ˛ > 0: (5.29)

Using definition (5.9), one can see that property (5.29) holds not only for func-
tion (5.11), but also for any function ‚.�; ˛/, continuous with respect to � 2
Œ0; kAk2

L.H1;H2/
� for any fixed ˛ > 0. In order to check that, one has to approxi-

mate ‚. � ; ˛/ on the interval Œ0; kAk2
L.H1;H2/

� by a polynomial Qn. � ; ˛/ and note
that (5.29) is fulfilled for any function ‚.�; ˛/, which depends on � polynomially.
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Taking that into account, one can represent (5.12) for equation (5.2) with an approx-
imate right-hand side Qf as

x˛. Qf / D ŒE1 � A�‚.AA�; ˛/A�	 C A�‚.AA�; ˛/ Qf : (5.30)

Hence,

Ax˛. Qf / � Qf D ŒE2 � AA�‚.AA�; ˛/�.A	 � Qf /: (5.31)

Denote by g.˛; Qf / the norm of the discrepancy for equation (5.2) on the element
x˛. Qf /:

g.˛; Qf / D kAx˛. Qf / � Qf kH2
: (5.32)

Set also

ƒ.�; ˛/ D 1 � �‚.�; ˛/; � 2 Œ0; kAk2
L.H1;H2/�; ˛ > 0:

Then, according to (5.31),

Ax˛. Qf / � Qf D ƒ.AA�; ˛/.A	 � Qf /:
Let �k and 'k (k D 1; 2; : : : ) be positive eigenvalues and the corresponding or-
thonormal eigenvectors of the compact operator AA� 2 L.H2;H2/: It is easy to
see, that the operator AA� is nonnegative, and for this operator the formula, similar
to (5.9), holds. Using this formula, one gets from (5.32)

g2.˛; Qf / D
X

k

ƒ2.�k; ˛/.A	 � Qf ; 'k/
2
H2

Cƒ2.0; ˛/kPN.AA�/.A	 � Qf /k2
H2
:

Here A	 � Qf D A.	 � x�/� . Qf � f / for any x� 2 X�.F /: By (5.20), the element
A.	 � x�/ is orthogonal to the null-space N.AA�/ D N.A�/. Therefore

g2.˛; Qf / D
X

k

ƒ2.�k ; ˛/.A	 � Qf ; 'k/
2
H2

Cƒ2.0; ˛/kPN.AA�/. Qf � f /k2
H2
:

(5.33)

In the case under consideration, the function ‚.�; ˛/ is given by equality (5.11). So,

ƒ.�; ˛/ D ˛

�C ˛
: (5.34)

Since the series X
k

.A	 � Qf ; 'k/
2
H2

converges, from (5.33) and (5.34) one concludes,

lim
˛!0

g.˛; Qf / D kPN.AA�/. Qf � f /kH2
� k Qf � f kH2

� ı: (5.35)
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Observe that ƒ.�; ˛/ is continuous and monotonically increasing with respect to ˛
for every � > 0. Hence g.˛; Qf / is also continuous and monotonically increasing
function of the regularization parameter ˛ > 0, and

lim
˛!1 g.˛; Qf / D kA	 � Qf kH2

: (5.36)

Suppose kA	 � Qf kH2
> bı, where b > 1 is some fixed constant, and describe

the following a posteriori rule for choosing the regularization parameter ˛: given Qf
and ı, we find ˛ D ˛.ı/ from the equation

g.˛; Qf / D bı: (5.37)

Properties of the function g.˛; Qf / imply that equation (5.37) has a unique solu-
tion ˛.ı/ > 0. Let us investigate the behavior of the corresponding approximations
x˛.ı/. Qf / as ı ! 0. For any x� 2 X�.F / by definition of x˛. Qf / one has

kAx˛.ı/. Qf /� Qf k2
H2

C˛.ı/kx˛.ı/. Qf /� 	k2
H1

� kAx� � Qf k2
H2

C˛.ı/kx� � 	k2
H1
:

From the above, applying (5.18), (5.32) and (5.37), one derives

b2ı2 C ˛.ı/kx˛.ı/. Qf / � 	k2
H1

� ı2 C ˛.ı/kx� � 	k2
H1
:

Thus,

kx˛.ı/. Qf / � 	kH1
� kx� � 	kH1

8x� 2 X�.F /: (5.38)

Also, (5.18) and (5.37) yield

kAx˛.ı/. Qf / � f kH2
� kAx˛.ı/. Qf / � Qf kH2

C k Qf � f kH2
� .b C 1/ı: (5.39)

If one repeats the argument preceding (5.6), then by (5.38) and (5.39) one gets

lim
ı!0

sup
Qf Wk Qf �f kH2

�ı

kx˛.ı/. Qf / � x�
� kH1

D 0:

Hence, a posteriori rule (5.37) for choosing the regularization parameter guarantees
convergence of the approximations x˛.ı/. Qf / as ı ! 0 in the sense of identity (5.26).
This rule is usually called the discrepancy principle as a consequence of representa-
tion (5.32) of the function g.˛; Qf /.

To solve equation (5.37) one can use any of the existing methods for solving
equations with one unknown. Since many of these methods require differentiability
of the function, which defines the equation (see, for example, (1.23)), it is advisable
to study the differential properties of the function g. � ; Qf /. As it follows directly
from (5.3), the mapping from .0;1/ toH1, which takes ˛ to x˛. Qf /, is continuously
differentiable and the derivative x 0̨ . Qf / 2 H1 can be found from the equation

A�Ax 0̨ . Qf /C ˛x 0̨ . Qf / D 	 � x˛. Qf /: (5.40)

From differentiation point of view, instead of (5.37) it is more convenient to deal
with the equation g2.˛; Qf / D b2ı2. Using (5.40) it is easy to establish continuous
differentiability of the function g2. � ; Qf / and get an explicit formula for its derivative.
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5.6 Approximation of a quasi-solution

In the above discussion it was assumed that the discrepancy functional

ˆ.x/ D 1

2
kAx � f k2

H2
; x 2 H1;

attains its infimum in H1, and the value of this infimum is zero. Suppose now that
the infimum is attained, but infx2H1

ˆ.x/ > 0: In that case,

X�.F / D ¹x� 2 H1 W ˆ.x�/ D inf
x2H1

ˆ.x/º

is the set of quasi-solutions (solutions in the sense of least squares) to equation (5.2).
By the convexity of the functional ˆ,

X�.F / D ¹x 2 H1 W ˆ0.x/ D 0º D ¹x 2 H1 W A�Ax D A�f º:
Hence, in this section, instead of equation (5.2), we consider the following equation

A�Ax D A�f; x 2 H1; (5.41)

as the starting point of our analysis. For the sake of simplicity, let B D A�A,
b D A�f . Then (5.41) is of the form Bx D b with the operator B being non-
negative, compact and self-adjoint. Formula (5.3) can be written as

.B C ˛E1/x˛ D b C ˛	: (5.42)

Taking into account the definition of a function of a compact self-adjoint operator,
one can represent (5.42) in a way, similar to (5.12):

x˛ D ŒE1 �‚.B; ˛/B�	 C‚.B; ˛/b (5.43)

with the function ‚, defined in (5.11). After making the necessary changes, one
can repeat our previous argument and get the analogs of all the above results for
scheme (5.43). In particular, one can check that (5.43) generates approximations
x˛ , converging to x�

�
, the quasi-solution of equation (5.2), nearest to the element 	,

as ˛ ! 0.

Problems

5.1. Prove inequality (5.4).

5.2. Prove the identity X�.F / D N.A/ C x�, where x� is an arbitrary element of
X�.F /.

5.3. Show that operator (5.1) is weakly continuous.
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5.4. Show that N.A�A/ D N.A/.

5.5. Prove identity (5.10).

5.6. Show that representations (5.5) and (5.12) are equivalent.

5.7. Verify identity (5.17).

5.8. Prove that elements (5.21) form an orthonormal system.

5.9. Let A W L2.a; b/ ! L2.c; d/ be an integral operator

.Ax/.t/ D
Z b

a

K.t; s/x.s/ ds; t 2 .c; d/;

and K be a continuous function on Œa; b� � Œc; d �. Write equation (5.3) for that case.

5.10. Show that kA�AkL.H1;H1/ D kAk2
L.H1;H2/

for any operator A 2 L.H1;H2/:

5.11. Prove identity (5.36).

5.12. Derive (5.40).

5.13. Show that the mapping ˛ ! x˛. Qf / (˛ > 0) is twice differentiable and find its
second derivative.

5.14. Prove that the function h.˛; Qf / D g2.˛; Qf / is twice differentiable for ˛ > 0.
Write Newton’s method (1.23) for the equation h.˛; Qf / D b2ı2.

5.15. Let B be a nonnegative self-adjoint compact operator in a Hilbert space H
(this assumption holds for Problems 5.16 and 5.17 as well). Consider the functions
‰1.�/ D 1; ‰2.�/ D �: Prove that ‰.B/ is the identity operator E in the space
H and ‰2.B/ D B . Generalize the result to the case of ‰3.�/ D �n for arbitrary
n 2 N, i.e., show that ‰3.B/ D Bn. Here Bn D B �B � � �B (n times). Set ‰4.�/ D
.aC b�/n, a; b 2 R; n 2 N. Prove that ‰4.B/ D .aE C bB/n.

5.16. Let the function ‚.�; ˛/ be defined by identity (5.11). Prove that ‚.B; ˛/ D
.B C ˛E/�1, ˛ > 0.

5.17. Assume that ‰.�/ D e�t� (t � 0) and x0 2 H . Define e�tB D ‰.B/. Verify
that e�tB 2 L.H;H/. Prove that the function x.t/ D e�tBx0, which takes values
inH , is a solution to the initial value problem x0.t/CBx.t/ D 0, t � 0, x.0/ D x0:

5.18. Prove that for any f 2 H2, i.e., regardless of solvability of equations (5.2)
and (5.41),

lim
˛!0

kA�Ax˛.f / � A�f kH1
D 0:

5.19. Prove that the operator .A�A/� ,A 2 L.H1;H2/, is nonnegative for any � > 0.
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The gradient scheme for linear equations

6.1 The technique of spectral analysis

The technique of spectral analysis for linear compact self-adjoint operators, used in
the previous chapter, makes it possible to derive some new important properties of the
gradient method, which are different from those considered in Chapter 3. Gradient
method (3.1) applied to equation (5.2) takes the form

xnC1 D xn � �.A�Axn � A�f /; n D 0; 1; : : : .� > 0/; (6.1)

where

x0 D 	 2 H1

is an initial approximation. In case of linear equations, estimates (1.2) and (1.3) are
exact (unimprovable) for N1 D kAkL.H1;H2/ and N2 D 0. Following (3.15) and
(3.17), let us assume that the step size � in (6.1) satisfies the condition

0 < � <
2

kAk2
L.H1;H2/

: (6.2)

Since

�.A�A/ � Œ0; kAk2
L.H1;H2/�;

condition (6.2) implies that

j1 � ��j < 1 8� 2 �.A�A/ n ¹0º D ¹�1; �2; : : : º: (6.3)

Proceeding by induction in n, one easily gets an explicit representation for xn in
terms of 	 and f :

xn D .E1 � �A�A/n	 C �

n�1X
kD0

.E1 � �A�A/kA�f: (6.4)
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One can verify by direct calculations that

�

n�1X
kD0

.1 � ��/k D 1 � .1 � ��/n
�

; � ¤ 0: (6.5)

If � D 0, then the value of the sum in (6.5) is n� . It is appropriate therefore to
introduce the function

‚.�; ˛/ D
²
��1

�
1 � .1 � ��/1=˛

�
; � ¤ 0;

˛�1�; � D 0;
(6.6)

which is equal to the sum in the left-hand side of (6.5) with ˛ D 1=n; n 2 N;
for any � � 0. Clearly, the function ‚.�; ˛/ depends on the spectral variable �
polynomially. Using notation (6.6) and the result of Problem 5.15, one can represent
identity (6.4) in the form, analogous to (5.12),

xn D ŒE1 �‚.A�A; ˛/A�A�	 C‚.A�A; ˛/A�f; ˛ D 1=n; n 2 N: (6.7)

Thus, initial approximation x0 D 	 plays the same part in iterative scheme (6.1)
as the element 	 in Tikhonov scheme (4.1), (5.3). In both cases this element is an
estimate of the unknown solution x�, and it is assigned based on some a priori infor-
mation about x�. In the absence of such information, one can simply set 	 D 0.

To investigate convergence of method (6.7), we apply the scheme, used in our
previous chapter. Denote the first term in (6.7) by yn and suppose

ƒ.�; ˛/ D 1 �‚.�; ˛/� D .1 � ��/1=˛; � � 0; ˛ > 0:

Then

yn D ƒ.A�A; ˛/	; ˛ D 1=n;

and, according to (5.9),

yn D
X

k

ƒ.�k ; ˛/.	; ek/H1
ek C PN.A�A/	: (6.8)

As before, by ¹ekº we denote the family of orthonormal eigenvectors of the compact
operator A�A, corresponding to the eigenvalues

�1 � �2 � � � � � �k � � � � > 0:
In expansion (6.8), it is taken into consideration that ƒ.0; ˛/ D 1. The square of the
norm of the first term in sum (6.8) equals

���X
k

.1 � ��k/
1=˛.	; ek/H1

ek

���2

H1

D
X

k

.1 � ��k/
2=˛.	; ek/

2
H1
: (6.9)
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If the sums in (6.9) contain a finite number of terms, then, by (6.3), both expressions
in (6.9) converge to 0 as ˛ ! 0 or, equivalently, as n D 1=˛ ! 1. If the number of
terms is infinite, then one estimates

R.˛/ D
1X

kD1

.1 � ��k/
2=˛.	; ek/

2
H1
;

following the same scheme as in Chapter 5, and obtains

lim
˛!0

R.˛/ D 0: (6.10)

Hence,

lim
n!1 kyn � PN.A�A/	kH1

D 0: (6.11)

Now we introduce

zn D ‚.A�A; ˛/A�f D ‚.A�A; ˛/A�Ax�; x� 2 X�.F /:

Definitions (5.9) and (6.6) yield

zn D
X

k

.1 � .1 � ��k/
1=˛/.x�; ek/H1

ek :

Like in Chapter 5, introduce the notation

w� D
X

k

.x�; ek/H1
ek :

It is already known that w� is a minimal-norm element on the solution set X�.F / of
equation (5.2), and it does not depend on our choice of x� 2 X�.F /. For the square
of the norm kzn � w�kH1

one can write the representation, similar to (6.9),

kzn �w�k2
H1

D
���X

k

.1���k/
1=˛.x�; ek/H1

ek

���2

H1

D
X

k

.1���k/
2=˛.x�; ek/

2
H1
:

Applying the previous argument with 	 being replaced by x�, one concludes that

lim
n!1 kzn � w�kH1

D 0: (6.12)

Combining (6.11) and (6.12) as well as using the identity xn D yn C zn, one gets

lim
n!1 kxn � x�

� kH1
D 0; x�

� D w� C PN.A�A/	: (6.13)

In Chapter 5, a similar relationship was justified for the approximations x˛, gener-
ated by Tikhonov’s scheme. Thus, both methods give rise to the sequences, which
converge to the point x�

�
, a solution of equation (5.2), nearest to the element 	.
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6.2 A priori stopping rule

Now we consider the behavior of iterations xn when the right-hand side of equation
(5.2) is given by its approximation Qf satisfying (5.18). In this case, it is natural to
use the following scheme for solving equation (5.2)

xnC1 D xn � �.A�Axn � A� Qf /; n D 0; 1; : : : ; x0 D 	: (6.14)

One can apply formula (6.7) to the nth iterative point, defined by (6.14), provided
that f is replaced with Qf in (6.14). Denote this point by xn. Qf /. For the sake of con-
sistency, by xn.f / we denote the element in original expression (6.7). Then (5.18)
and (6.7) imply

kxn. Qf / � xn.f /kH1
� k‚.A�A; ˛/A�kL.H2;H1/ı; ˛ D n�1: (6.15)

The above result is identical to (5.19), although‚.�; ˛/ is different. For the norm in
the right-hand side of (6.15), one can easily get the estimate similar to (5.22). Like
in the previous chapter, one obtains

k‚.A�A; ˛/A�kL.H2;H1/ � sup
k

‚.�k ; ˛/
p
�k

� max
�2Œ0;kAk2

L.H1;H2/
�

1 � .1 � ��/1=˛

p
�

:

Using a number of arguments, one can verify that, under assumption (6.2), there
exists a constant C1 > 0, independent on ˛, such that

max
�2Œ0;kAk2

L.H1;H2/
�

1 � .1 � ��/1=˛

p
�

� C1p
˛

D C1

p
n; ˛ D n�1; n 2 N: (6.16)

Combining (6.15) and (6.16), one derives

kxn. Qf / � xn.f /kH1
� C1

p
nı: (6.17)

The constant C1 in (6.17) does not depend on n and ı. Estimate (6.17) yields

kxn. Qf / � x�
� kH1

� kxn.f / � x�
� kH1

C C1

p
nı: (6.18)

If one chooses a number n D n.ı/ such that

lim
ı!0

n.ı/ D 1; lim
ı!0

p
n.ı/ ı D 0; (6.19)

then, by (6.13) and (6.19), one has

lim
ı!0

sup
Qf W k Qf �f kH2

�ı

kxn.ı/. Qf / � x�
� kH1

D 0: (6.20)
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One can take, for example, n.ı/ D ŒCı�1� to satisfy (6.19), where C is an arbitrary
positive constant and Œp� rounds the number p to the nearest integer towards zero.
Equality (6.20) is a complete analogue of (5.26) related to Tikhonov’s method. The
number n.ı/ in (6.19) provides the stopping rule for iterations (6.14) in case of noisy
data. As it follows from (6.18), for a fixed ı > 0, one cannot ensure the convergence
of xn. Qf / to a solution of (5.2) as n ! 1. The same applies to Tikhonov’s method,
where the regularization parameter ˛ plays the part of the iteration number n. In
connection with this remark, we point out to the complete similarity of the second
terms in the right-hand sides of estimates (5.24) and (6.18).

6.3 A posteriori stopping rule

Just like (5.25), a priori condition (6.19), which defines the stopping rule, is of
asymptotic nature. Therefore in practice, it is often replaced with some a posteri-
ori rules. Let us describe one of the most simple a posteriori rules, suitable for ap-
proximations (6.14). Take any b > 1. As in Chapter 5, assume kA	 � Qf kH2

> bı.
Continue iterations (6.14) until the inequality

kAxn. Qf / � Qf kH2
� bı (6.21)

is satisfied for the first time. Denote the number n, for which (6.21) holds for the first
time, by n.ı/. Since for n D 0 (x0 D 	) condition (6.21) is not fulfilled, the number
n.ı/, if exists, is different from zero, i.e., n.ı/ 2 N. Take the point xn.ı/. Qf / as an
approximate solution to (5.2). Below we prove that, firstly, the number n.ı/ always
exists and, secondly, the constructed approximation xn.ı/. Qf / satisfies (6.20). As one
can see from Problem 6.8, it makes sense to choose b D 2.

We start with some auxiliary results. It follows directly from (6.7) that, for any
solution x� 2 X�.F / of equation (5.2), one has

xn. Qf / � x� D ŒE1 �‚.A�A; ˛/A�A�.	 � x�/C‚.A�A; ˛/A�. Qf � f /: (6.22)

Using identity (5.29), which holds for function (6.6) as well, one gets

Axn. Qf / � Qf D AŒE1 �‚.A�A; ˛/A�A�.	 � x�/
� ŒE2 �‚.AA�; ˛/AA��. Qf � f /: (6.23)

Let us point out to the following algebraic property of function (6.6):

sup
�2Œ0;kAk2

L.H1;H2/
�

�pj1 �‚.�; ˛/�j � C2˛
p 8˛ > 0; p > 0: (6.24)

Here the constant C2 D C2.p/ does not depend on ˛. Show that

lim
˛!0

1p
˛

kAŒE1 �‚.A�A; ˛/A�A�.	 � x�
� /kH2

D 0; ˛ D n�1; n 2 N:

(6.25)
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Transforming the square of the norm, which appears under the limit in (6.25), one
obtains the equality

kAŒE1 �‚.A�A; ˛/A�A�.	 � x�
� /k2

H2

D .AŒE1 �‚.A�A; ˛/A�A�.	 � x�
� /; AŒE1 �‚.A�A; ˛/A�A�.	 � x�

� //H2

D .	 � x�
� ; ‰.A

�A; ˛/.	 � x�
� //H1

; (6.26)

where

‰.�; ˛/ D �.1 �‚.�; ˛/�/2 D �.1 � ��/2=˛ : (6.27)

Definition (5.9) implies that

.	 � x�
� ; ‰.A

�A; ˛/.	 � x�
� //H1

D
X

k

‰.�k ; ˛/.	 � x�
� ; ek/

2
H1
: (6.28)

If the sum in (6.28) contains a finite number of terms, then required property (6.25)
holds, since, by (6.3),

‰.�k ; ˛/ � �1q
2=˛; q 2 .0; 1/

for every k. Consider the case of infinitely many terms. By the definition of x�
�

, the
element 	 �x�

�
is orthogonal to the null-space N.A�A/. Setting B D A�A in (5.20),

one verifies that 	 � x�
�

2 R.A�A/. Therefore, for any " > 0 there exist elements
u D u."/; v D v."/ 2 H1 such that

	 � x�
� D A�AuC v; kvkH1

� ": (6.29)

Identities (6.28) and (6.29), combined with the elementary inequality

.aC b/2 � 2.a2 C b2/; (6.30)

yield

.	 � x�
� ; ‰.A

�A; ˛/.	 � x�
� //H1

� 2

1X
kD1

‰.�k ; ˛/.A
�Au; ek/

2
H1

C 2

1X
kD1

‰.�k ; ˛/.v; ek/
2
H1
: (6.31)

Since

.A�Au; ek/H1
D .u; A�Aek/H1

D �k.u; ek/H1
;

the first sum in (6.31) can be written in the form

1X
kD1

�2
k‰.�k ; ˛/.u; ek/

2
H1
:
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According to (6.24) and (6.27),

sup
k2N

�2
k‰.�k ; ˛/ � �

sup
�2Œ0;kAk2

L.H1;H2/
�

�3=2j1 �‚.�; ˛/�j�2 � C3˛
3: (6.32)

By Bessel’s inequality

1X
kD1

.u; ek/
2
H1
< 1:

From (6.32) it follows that the first term in the right-hand side of inequality (6.31)
can be estimated by C4˛

3 with a suitable constant C4 D C4."/, which does not
depend on ˛ D n�1. Turning to the second sum in (6.31) and applying (6.24) once
again, we note that

sup
k2N

‰.�k ; ˛/ � �
sup

�2Œ0;kAk2
L.H1;H2/

�

p
�j1 �‚.�; ˛/�j�2 � C5˛:

Here the constant C5 is independent on ˛ and ". Using Bessel’s inequality one more
time, we get

1X
kD1

.v; ek/
2
H1

� kvk2
H1

� "2:

Thus, the second term in (6.31) does not exceed C5˛"
2. Ultimately, we conclude that

the value under the limit in (6.25) is bounded from above by
p
C4."/˛C p

C5" and,
as one passes to the limit with ˛ ! 0, one obtains

p
C5". Since " > 0 is arbitrary,

this means that identity (6.25) is satisfied.
It is also important to point out to the estimate below, which follows directly

from (5.10).

kE2 �‚.AA�; ˛/AA�kL.H2;H2/ � sup
�2Œ0;kAk2

L.H1;H2/
�

j1 �‚.�; ˛/�j D 1: (6.33)

The above auxiliary result allows us to justify a posteriori stopping rule (6.14).
By (5.18), (6.23), (6.25) and (6.33), one has

kAxn. Qf / � Qf kH2
� C6

p
˛ C ı; (6.34)

where ˛ D n�1, and the constant C6 does not depend on ˛ and ı. Since b > 1,
for a sufficiently large n 2 N, the right-hand side of (6.34) is smaller than bı and
inequality (6.21) is fulfilled. From that point of view, rule (6.21) correctly defines
some number n D n.ı/ 2 N. Note, that the following inequalities hold

kAŒE1 �‚.A�A; ˛.ı//A�A�.	 � x�
� /kH2

� .b C 1/ı;

.b � 1/ı � kAŒE1 �‚.A�A; Q̨ .ı//A�A�.	 � x�
� /kH2

: (6.35)
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Here

˛.ı/ D n.ı/�1 and Q̨ .ı/ D Qn.ı/�1; Qn.ı/ D n.ı/ � 1:
The first inequality in (6.35) is the consequence of (5.18), (6.21), (6.23) and (6.33).
The second inequality follows from relation (6.23), if one applies this relation with
the number n D Qn.ı/ D n.ı/ � 1 and the corresponding value of ˛ D Q̨ .ı/ D
Qn.ı/�1 > ˛.ı/, and then uses (6.33) and the inequality

kAxQn.ı/. Qf / � Qf kH2
> bı:

Recall, that the number Qn.ı/ � 0 is well-defined, because n.ı/ 2 N.
Without loss of generality one can assume that there are only two alternatives

for n.ı/ as ı ! 0, i.e., the number n.ı/ ! 1 as ı ! 0, or this number remains
bounded as ı approaches zero. In the first case one has

lim
ı!0

˛.ı/ D lim
ı!0

n.ı/�1 D 0:

Hence, from (6.25) and the second inequality in (6.35) one derives

lim
ı!0

ıp Q̨ .ı/ D 0:

Since

ıp
˛.ı/

�
p
2ıp Q̨ .ı/ for n.ı/ � 2;

one concludes

lim
ı!0

ıp
˛.ı/

D 0: (6.36)

According to (6.15), (6.16) and (6.22),

kxn.ı/. Qf / � x�kH1
� kŒE1 �‚.A�A; ˛.ı//A�A�.	 � x�

� /kH1
C C1

ıp
˛.ı/

:

(6.37)

Together with (6.13)and (6.36), estimate (6.37) implies that kxn.ı/. Qf /�x�kH1
goes

to zero as ı ! 0. If the number n.ı/ does not approach infinity, then the value
˛.ı/ � ˛0 > 0 for any ı > 0 sufficiently small. Therefore the second term in (6.37)
still tends to zero as ı ! 0. On the other hand, the first inequality in (6.35) yields

lim
ı!0

kAŒE1 �‚.A�A; ˛.ı//A�A�.	 � x�
� /kH2

D 0: (6.38)
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Keeping in mind that the element 	 � x�
�

is orthogonal to the null-space N.A�A/ D
N.A/, one can easily show that the last identity results in

lim
ı!0

kŒE1 �‚.A�A; ˛.ı//A�A�.	 � x�
� /kH1

D 0: (6.39)

Thus, by (6.37), kxn.ı/. Qf / � x�kH1
! 0 as ı ! 0. Summarizing the above, one

concludes that a posteriori rule (6.21) generates approximations xn.ı/. Qf /, which
have property (6.20).

Problems

6.1. Prove identity (6.4).

6.2. Show that (6.10) holds.

6.3. Verify inequality (6.16).

6.4. Show that estimate (6.16) is exact, i.e., there is a constant C > 0 that does not
depend on n such that

max
�2Œ0;kAk2

L.H1;H2/
�

1 � .1 � ��/np
�

� C
p
n 8n 2 N:

6.5. Derive identities (6.22) and (6.23).

6.6. Prove estimate (6.24).

6.7. Show that (6.38) implies (6.39) if ˛.ı/ � ˛0 > 0:

6.8. Let the condition 0 < � � 1=kAk2
L.H1;H2/

, which is stronger than (6.2), be

satisfied for scheme (6.14). Prove that if kAxn. Qf /� Qf kH2
> 2ı, then the following

inequality is fulfilled

kxnC1. Qf / � x�kH1
< kxn. Qf / � x�kH1

8x� 2 X�.F /:

Suppose dimX�.F / > 0. What can you say about the location of the points xn. Qf /
and xn.f / (ı D 0) with respect to the affine subspace X�.F /?

6.9. Obtain analogs of the results from the current chapter for the case when

inf
x2H1

ˆ.x/ > 0; X�.F / D ¹x� 2 H1 W ˆ.x�/ D inf
x2H1

ˆ.x/º ¤ ;:

How should one modify (6.16)–(6.19)?

6.10. Prove that for any element f 2 H2 the following identity holds

lim
n!1 kA�Axn.f / � A�f kH1

D 0:
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Convergence rates for the approximation methods
in the case of linear irregular equations

7.1 The source-type condition (STC)

Approximations (5.5) and (6.1) converge to a solution of equation (5.2). However,
the convergence rate in relations (5.6) and (6.13) can be arbitrarily slow, in gen-
eral. As the result, when the level of noise ı is fixed, the approximation errors
for the elements x˛.ı/. Qf / and xn.ı/. Qf / remain unknown. Indeed, even though the
first terms in the right-hand sides of estimates (5.24) and (6.18) tend to zero, the
rate of this convergence is not possible to find. Therefore, expressions (5.26) and
(6.20) are of asymptotic nature and do not provide any information about the errors
kx˛.ı/. Qf /�x�

�
kH1

or kxn.ı/. Qf /�x�
�
kH1

for a specific problem with fixed Qf and ı.
This situation is typical when it comes to the approximation methods for irregular
equations, see [13].

The lack of an estimate for the convergence rate is not so unusual in numerical
analysis and approximation theory. A complete orthonormal system decomposition
(for instance, a trigonometric system decomposition) of some function in L2 is an-
other classical example of convergence that can be arbitrarily slow (inL2 norm). This
is no longer the case, if it is additionally known that the function under considera-
tion has some degree of smoothness. For trigonometric decomposition, smoothness
means that the function we are trying to approximate is n times differentiable. Un-
der the smoothness assumption, the convergence rate of the decomposition can be
effectively estimated. For approximations (5.5) and (6.1) the situation is similar. If
the object of the approximation, which is a solution x�

�
to equation (5.2) in our case,

has certain additional properties, it turns out that one can not only estimate the rates
of convergence of x˛ and xn to x�

�
with respect to ˛ and n, but also the errors of

approximation kx˛.ı/. Qf / � x�
�
kH1

or kxn.ı/. Qf / � x�
�
kH1

with respect to ı.
We start by considering approximation (5.5). Let x�

�
be a solution to equation

(5.2), nearest to some fixed element 	 . From (5.5) it follows that

x˛ � x�
� D .A�AC ˛E1/

�1ŒA�Ax�
� C ˛	 � .A�AC ˛E1/x

�
� �

D ˛.A�AC ˛E1/
�1.	 � x�

� /; ˛ > 0: (7.1)
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Clearly, if one replaces x�
�

with any solution x� 2 X�.F /, identity (7.1) is still
fulfilled. Since the element 	 � x�

�
is orthogonal to the null-space N.A/, by (5.20)

one has

	 � x�
� 2 R.A�/: (7.2)

Suppose a stronger condition holds

	 � x�
� 2 R.A�/;

i.e., the elements 	 and x�
�

satisfy the identity

	 � x�
� D A�v; (7.3)

where v is some element of the space H2. Substituting (7.3) into (7.1) and using
estimate (5.22), one gets

kx˛ � x�
� kH1

�
p
˛

2
kvkH2

: (7.4)

Inequality (7.4) together with (5.23) imply

kx˛. Qf / � x�
� kH1

�
p
˛

2
kvkH2

C ı

2
p
˛
: (7.5)

The expression in the right-hand side of (7.5) attains its minimum with respect to
˛ > 0 when

˛ D ˛.ı/ D kvk�1
H2
ı:

For this value of ˛ D ˛.ı/, the right-hand side of (7.5) is equal to
pkvkH2

ı. Thus,
one can specify (5.26) as follows

sup
Qf W k Qf �f kH2

�ı

kx˛.ı/. Qf / � x�
� kH1

�
q

kvkH2
ı: (7.6)

Estimate (7.6) allows one to see the quality of the approximation of x�
�

by the element
x˛.ı/. Qf /, obtained for a specific problem with fixed Qf and ı.

Let us discuss the above condition (7.3). For a particular solution x�
�

, a priori
fixed, identity (7.3) indicates that the element 	 must be contained in a non-closed
affine subspace R.A�/x�

�
in H1, passing though the point x�

�
. This condition can be

relaxed. Namely, it is enough to assume that the following identity is satisfied

.E1 � PN.A�A//.	 � x�/ D A� Nv; Nv 2 H2; (7.7)

for some solution x� 2 X�.F /. In this case, applying (7.1) and (5.9), one has

x˛ � x� D ˛.A�AC ˛E1/
�1A� Nv C ˛.A�AC ˛E1/

�1PN.A�A/.	 � x�/
D ˛.A�AC ˛E1/

�1A� Nv C PN.A�A/.	 � x�/: (7.8)
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It follows from (7.8) that the approximation x˛ fails to converge to x� as ˛ ! 0 and,
instead, it converges to another solution

x� C PN.A�A/.	 � x�/ D Nx�
� 2 X�.F /:

Estimates (7.4)–(7.6), with x�
�

being replaced by Nx�
�

, remain valid. Formula (7.7) is
equivalent to the condition

.E1 � PN.A�A//.	 � x�/ 2 R.A�/: (7.9)

Note that if one modifies (7.9) by putting R.A�/ instead of R.A�/, then one gets
a weaker assumption, which is fulfilled for every 	 and x�. This is a consequence
of orthogonal expansion (5.20). Hence, condition (7.9) holds for ‘almost all’ (in the
sense of density) elements 	 2 H1. A similar remark applies to (7.3) that enhances
(from the same point of view) inclusion (7.2), which is always true. Obviously, for a
particular 	 the norm kvkH2

can be very large, and this will have a negative impact on
the quality of estimates (7.4)–(7.6). Therefore, assuming that a solution x�

�
is fixed,

it is worthwhile to provide an upper bound d on kvkH2
. Then identity (7.3), along

with the condition kvkH2
� d , serve as requirements on the choice of 	. According

to these requirements, 	 must belong to the ellipsoid

Sd D ¹x 2 H1 W x D x�
� C A�v; kvkH2

� dº; (7.10)

centered at the point x�
�

. It is important to keep in mind, that in case of a compact
operator A, acting from an infinite dimentional space H1, ellipsoid (7.10), which is
a compact subset of H1, cannot contain any ball of a positive radius. Moreover, the
center of this ellipsoid x�

�
is unknown. Thus, one can see that in practice a problem

of finding an element form Sd is not much simpler than original equation (5.2). The
above difficulty can formally be removed if the element 	 is somehow a priori fixed.
Then condition (7.3) (or (7.9)) turns into an a priori assumption on the solution x�

�

(or x�). Suppose 	 is chosen to be zero. In this case (7.3) is reduced to the inclusion
x�

0 2 R.A�/. This is called a source-type condition on x� D x�
0 . For an arbitrary 	,

connected with x�
�

by identity (7.3), one has a source-type condition on the initial
discrepancy 	 � x�

�
.

If we assume that source-type condition (7.3) is satisfied together with the con-
dition kvkH2

� d , i.e., 	 2 Sd , then it follows immediately from (7.5) and (7.6) that
if

˛ D ˛.ı/ D d�1ı;

then

sup
Qf W k Qf �f kH2

�ı

kx˛.ı/. Qf / � x�
� k �

p
dı:

Here, as we establish the dependence between ˛ and ı, we use some upper bound d
on the norm of v, which is specified a priori, instead of using the norm of v it-
self, since in most cases kvk is unknown in practice. The same level of accuracy
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kx˛.ı/. Qf / � x�
�
kH1

as ı ! 0 is attained for any choice of ˛ D ˛.ı/ such that

C1d
�1ı � ˛.ı/ � C2d

�1ı;

where the constants 0 < C1 � C2 do not depend on ı.
Note, that it is the irregularity of equation (5.2) with a compact operatorA, which

results in the necessity to introduce condition (7.3). Indeed, suppose the equation is
regular, i.e., the operator A, or the operator A�A, is continuously invertible. In both
cases, the solution set X�.F / consists of a unique point x� D A�1f , or x� D
.A�A/�1A�f , and the spectrum of the operator A�A is separated from zero

inf
�2�.A�A/

� D " > 0: (7.11)

Hence, instead of (5.4) one has the estimate

k.A�AC ˛E1/
�1kL.H1;H1/ � 1

˛ C "
� 1

"
8˛ � 0: (7.12)

In place of (5.22) the following estimate holds

k.A�AC ˛E1/
�1A�kL.H2;H1/ � kA�kL.H2;H1/

˛ C "
� kA�kL.H2;H1/

"
8˛ � 0:

Therefore, (7.1) and (5.19) yield

kx˛.f / � x�kH1
� C3˛; kx˛. Qf / � x˛.f /kH1

� C4ı:

By choosing the value of ˛.ı/ proportional to ı, ˛.ı/ D C5ı, one obtains

kx˛. Qf / � x�kH1
� C6ı: (7.13)

The last estimates are satisfied without any source-type conditions. Inequality (7.13)
looks natural, since, if calculations are reasonable, the approximation error is of the
same order as the error in the input data. This property is typical for regular prob-
lems only. It is significant, that estimate (7.6), derived in irregular case under the
source-type assumption on the initial discrepancy, is worse than (7.13) considering
the degree of ı.

7.2 STC for the gradient method

Let us investigate the convergence rate for iterations (6.1). Suppose that for the initial
element 	 and the corresponding solution x�

�
to equation (5.2) a priori condition (7.3)

holds. Then from (6.7) one gets

xn � x�
� D ŒE1 �‚.A�A; ˛/A�A�.	 � x�

� / D ŒE1 �‚.A�A; ˛/A�A�A�v:
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Recall that the function‚.�; ˛/ is defined in (6.6), ˛ D n�1, n 2 N. From the above
one obtains

kxn � x�
� kH1

� kŒE1 �‚.A�A; ˛/A�A�A�kL.H2;H1/kvkH2
: (7.14)

Applying identities (2.11) and

‚.A�A; ˛/� D ‚.A�A; ˛/

(see Chapter 5), write

kŒE1 �‚.A�A; ˛/A�A�A�kL.H2;H1/ D kAŒE1 �‚.A�A; ˛/A�A�kL.H1;H2/:

Using the same argument as in (6.26), one concludes that for any element u 2 H1

kAŒE1 �‚.A�A; ˛/A�A�uk2
H2

D .u;‰.A�A; ˛/u/H1

� k‰.A�A; ˛/kL.H1;H1/kuk2
H1
;

where the function ‰.�; ˛/ is given by (6.27). By (5.10) and (6.24) one has

k‰.A�A; ˛/kL.H1;H1/ � sup
�2Œ0;kAk2

L.H1;H2/
�

�j1 �‚.�; ˛/�j2 � C7˛; ˛ D n�1:

Finally, one derives

kŒE1 �‚.A�A; ˛/A�A�A�kL.H2;H1/ � C8

p
˛ D C8p

n
;

kxn � x�
� kH1

� C8p
n

kvkH2
; n 2 N: (7.15)

Thus, by (7.15) and (6.17),

kxn. Qf / � x�
� kH1

� C9

�
1p
n

kvkH2
C p

nı

�
: (7.16)

This estimate is similar to (7.5). The expression in the right-hand side of (7.16) at-
tains its minimum with respect to n 2 N at the point n D n.ı/, where n.ı/ is equal to
Œı�1kvkH2

�; or Œı�1kvkH2
�C 1. The corresponding minimal value of the right-hand

side in (7.16) is of order O.
pkvkH2

ı/: Hence, with the above n.ı/, one obtains

sup
Qf W k Qf �f kH2

�ı

kxn.ı/. Qf / � x�
� kH1

� C10

q
kvkH2

ı:

If 	 2 Sd , then using the stopping rule n.ı/ such that

C11Œdı
�1� � n.ı/ � C12Œdı

�1� .0 < C11 � C12/;

one gets

sup
Qf W k Qf �f kH2

�ı

kxn.ı/. Qf / � x�
� kH1

� C13

p
dı:
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7.3 The saturation phenomena

Are there any other conditions, different form (7.3), that guarantee some conver-
gence rates for the approximations in question? The answer is yes. Consider a one
parametric family of the source-type conditions in the form

	 � x�
� D .A�A/�u; u 2 H1: (7.17)

The linear continuous self-adjoint operator .A�A/� (� > 0) is defined by formula
(5.9) with ‰.�/ D �� :

.A�A/�u D
X

k

��
k.u; ek/H1

ek ; u 2 H1: (7.18)

Since the elements ek are orthogonal to the null-space N.A�A/ D N.A/, it follows
from (5.20) and (7.18) that

.A�A/�u 2 R.A�/; � > 0:

Therefore, source-type condition (7.17) is an assumption on the solution x�
�

, enhanc-
ing the requirement on x�

�
to be the nearest to 	 (see(7.2)). One can understand the

constant � in (7.17) as the level of ’smoothness’ of the initial discrepancy 	 � x�
�

.
If, as before, we fix the solution x�

�
and require that u in (7.17) is bounded by some

constant d , then (7.17) is reduced to the condition on 	 to be contained in the ellip-
soid

†d D ¹x 2 H1 W x D x�
� C .A�A/�u; kukH1

� dº: (7.19)

The above argument about the difficulties involved in finding an element from Sd in
practice can also be applied to the ellipsoid (7.19).

One can show that for � D 1=2, assumption (7.17) is equivalent to (7.3) in the
sense that

RŒ.A�A/1=2� D R.A�/:

Hence one can view (7.17) as some generalization of (7.3).
Let us study the behavior of approximations (5.5) under condition (7.17). Instead

of estimate (7.4) one has

kx˛ � x�
� kH1

� max
�2Œ0;kAk2

L.H1;H2/
�

˛��

�C ˛
kukH1

: (7.20)

By direct calculations one can see that

max
�2Œ0;kAk2

L.H1;H2/
�

˛��

�C ˛
D
²
O.˛�/; 0 < � � 1;

O.˛/; � � 1:
(7.21)
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Thus for � � 1, the right-hand side in estimate (7.20) isO.˛/ regardless of the value
of �. This means that, for any � > 0, the order of kx˛ �x�

�
kH1

; guaranteed by (7.20)
and (7.21), does not exceed O.˛/. Estimate (7.5) is changed to

kx˛. Qf / � x�
� kH1

� C14kukH1
˛� C ı

2
p
˛

(7.22)

for 0 < � � 1, and to

kx˛. Qf / � x�
� kH1

� C15kukH1
˛ C ı

2
p
˛

(7.23)

for � � 1: For ı fixed and � given, it is worthwhile to minimize the right-hand side
of estimates (7.22) or (7.23) with respect to ˛ > 0. With such an optimal choice of
˛ D ˛.ı/ the resulting error estimate kx˛.ı/. Qf / � x�

�
kH1

takes the form

sup
Qf Wk Qf �f kH2

�ı

kx˛. Qf / � x�
� kH1

D
´
O.kuk1=.2�C1/

H1
ı2�=.2�C1//; 0 < � � 1

O.kuk1=3
H1
ı2=3/; � � 1:

(7.24)

Assuming that 	 2 †d , it is not difficult to formulate a more practical rule of choos-
ing ˛ as a function of ı, which uses the value of d only and provides the error
estimate of the same order.

It is remarkable that, no matter how one chooses ˛ as a function of ı for ap-
proximations (5.5), the estimate O.ı2=3/ in the right-hand side of (7.24) is the best
possible on the whole class F .N1; 0/. On smaller subclasses of F .N1; 0/, one can
get the estimate O.ı/ that is typical for regular problems (see (7.13)).

When it comes to approximations (6.1), the situation is slightly different. Namely,
under condition (7.17) with any � > 0 fixed, one gets the estimate similar to (7.14)

kxn � x�
� kH1

� kŒE1 �‚.A�A; ˛/A�A�.A�A/�kL.H1;H1/kukH1
:

Here, according to (6.24),

kŒE1 �‚.A�A; ˛/A�A�.A�A/�kL.H1;H1/

� sup
�2Œ0;kAk2

L.H1;H2/
�

�� j1 �‚.�; ˛/�j � C16˛
� :

Therefore,

kxn � x�
� kH1

� C16kukH1
˛� D C16

n�
kukH1

; ˛ D n�1; n 2 N: (7.25)

As one can see from (7.25), kxn � x�
�
kH1

is of the order O.n��/, where, unlike
the case of (7.20) and (7.21), the exponent � > 0 does not have an upper bound.
Thus, the convergence rate of process (6.1) can be arbitrarily fast provided that ini-
tial discrepancy 	 � x�

�
has the corresponding level of ‘smoothness’ �. In case of
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approximations (5.5), regardless of the value of � > 0, the above arguments can-
not guarantee the order higher than O.˛/ for kx˛ � x�

�
kH1

. In connection with that,
method (5.5) is said to have a saturation (with respect to the order of approxima-
tion that depends on �) property, while method (6.1) is saturation free. By (6.18)
and (7.25),

kxn. Qf / � x�
� kH1

� C17

�
1

n�
kukH1

C p
nı

�
: (7.26)

Obviously, if n D n.ı/ is chosen to ensure minimum of the right-hand side in (7.26)
with respect to n 2 N, then the following inequality holds

sup
Qf Wk Qf �f kH2

�ı

kxn.ı/. Qf / � x�
� kH1

D C18kuk1=.2�C1/
H1

ı2�=.2�C1/: (7.27)

7.4 Approximations in case of a perturbed STC

As it has been emphasized above, the problem of finding the element 	 from the ellip-
soid Sd (or †d ) is hardly simpler than the problem of solving the original equation.
This means that it is highly unlikely one can algorithmically guarantee in practice the
exact satisfaction of source-type condition (7.3) (or (7.17)) with values of the norms
kvkH2

, kukH1
being under control. It is more realistic to assume that the selected

element 	 complies with condition (7.3) (or (7.17)) approximately.
Let us investigate this situation using scheme (5.5) as an example. Suppose the

element 	, instead of (7.3), satisfies the perturbed source-type condition

	 � x�
� D A�v C w; kwkH1

� 
: (7.28)

From geometrical point of view relation (7.28) implies that the element 	 is in the

-neighborhood of the ellipsoid Sd . This neighborhood, unlike the ellipsoid Sd it-
self, is a set with a nonempty interior. Directly from (7.1), taking into the account
(5.4), in place of (7.4)–(7.6) one gets the following estimates

kx˛ � x�
� kH1

�
p
˛

2
kvkH2

C
; (7.29)

kx˛. Qf / � x�
� kH1

�
p
˛

2
kvkH2

C ı

2
p
˛

C
; (7.30)

sup
Qf W k Qf �f kH2

�ı

kx˛.ı/. Qf / � x�
� kH1

�
q

kvkH2
ı C
: (7.31)

Hence, approximations x˛ and x˛. Qf / are stable with respect to the perturbations
in source-type condition (7.3). If these perturbations are not large, then they do not
affect the approximations considerably.
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7.5 Accuracy of the estimates

The results, obtained in this chapter, about the convergence rates of methods (5.5)
and (6.1) in the presence of noise are based on estimates (7.4), (7.15), (7.20)–(7.21),
and (7.25) related to the case of the exact right-hand side in equation (5.2). All the
above estimates follow directly from identity (5.10) for the norm of a function of an
operator. One can ask a natural question about how accurate these estimates are. In
other words, can one get the same kind of estimates under weaker assumptions on the
initial discrepancy 	 � x�

�
as compared to source-type conditions (7.3), (7.17)? For

example, can estimates (7.20)–(7.21) and (7.25) still be satisfied with the exponents
� 2 .0; 1� and � > 0 respectively, while source-type condition (7.17) is fulfilled with
some smaller exponent � < �. Since formula (5.10) provides the exact value of the
norm and the subsequent algebraic transformations are also everywhere exact with
respect to the orders of ˛ and n on the classes of the source-type solutions, the above
estimates are not possible to improve, in general. It is remarkable that they actually
remain exact for every particular problem (5.2) as well.

Let us clarify the corresponding result for iterative process (6.1) and source-type
condition (7.17). Assume that for iterative process (6.1) with the initial point x0 D 	

the following estimate of the convergence rate holds

kxn � x�
� kH1

� C19n
�� � > 0: (7.32)

Then for every � 2 .0; �/ the inclusion below is satisfied

	 � x�
� 2 R..A�A/�/: (7.33)

It is easy to verify that

R..A�A/�/ � R..A�A/�/ 8� 2 Œ0; �/: (7.34)

Thus, estimate (7.25) cannot be fulfilled even in case of an isolated problem, if 	�x�
�

lies in some bigger (as compared to (7.17)) class R..A�A/�0/ with �0 2 .0; �/, and
does not belong toR..A�A/�/with the values� > �0 close to �. To summarize, one
may conclude that assumption (7.17), sufficient for estimate (7.25) to hold, is also
rather close to being the necessary condition for this estimate. In general, however,
one cannot claim that estimate (7.32) implies (7.17). In case of scheme (5.5), the
inequality

kx˛ � x�
� kH1

� C20˛
� ; � 2 .0; 1/;

yields (7.33) for all � 2 .0; �/. If in the previous estimate � D 1, i.e.,

kx˛ � x�
� kH1

� C20˛; (7.35)

then 	 � x�
�

2 R.A�A/. In other words, the last inclusion is the necessary and
sufficient condition for inequality (7.35).
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Finally, let us say a few words about the convergence rates for iterations (6.14)
combined with a posteriori stopping rule (6.21). One can show that in this case esti-
mate (7.27) is also satisfied under source-type condition (7.17). In the above a priori
stopping rule the number n D n.ı/, minimizing the right-hand side of (7.26) (or its
upper bound, obtained by replacing kukH1

with d ), depends on �, see Problem 7.3.
The a posteriori rule (6.21) is capable of adjusting the stopping time to the existing
level of ‘smoothness’ of the initial discrepancy 	 � x�

�
. This is an advantage of the

a posteriori stopping rule over the a priori ones.

Problems

7.1. Prove relations (7.11) and (7.12).

7.2. Derive estimate (7.21).

7.3. How should one choose a regularization parameter ˛ D ˛.ı/ to satisfy estimate
(7.24)? Answer the same question regarding the function n D n.ı/ and estimate
(7.27). Assuming that 	 2 †d , find the functions ˛.ı/ and n.ı/ that guarantee the
estimates of the same order as in (7.24) and (7.27).

7.4. Assume that series expansion (5.8) of the initial discrepancy 	 � x�
�

in eigen-
vectors of the operator A�A has a finite number of terms only. Prove that in this case
condition (7.3) holds and condition (7.17) is fulfilled for any � > 0.

7.5. Investigate approximation errors of schemes (5.5) and (6.1) under the assump-
tion that, instead of (7.17), the perturbed source-type condition is satisfied

	 � x�
� D .A�A/�uC w; u;w 2 H1; kwkH1

� 
 .� > 0/:

Give analogs of estimates (7.29)–(7.31).

7.6. Prove inclusion (7.34). Show that if dimH1 < 1, then, for � 2 .0; �/, this
inclusion must be replaced with the identity.

7.7. Prove that if the operatorA�A has infinite number of eigenvalues �k > 0, k 2 N
(limk!1 �k D 0), then inclusion (7.34) is strict. Hint: verify that for every sequence
¹Mkº, limk!1Mk D 1, there exists a sequence ¹akº such that ak > 0, k 2 N,
and

1X
kD1

ak < 1;

1X
kD1

akMk D 1:
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Equations with a convex discrepancy functional
by Tikhonov’s method

8.1 Some difficulties associated with Tikhonov’s method in case
of a convex discrepancy functional

The case of operator (5.1) is not the only case when Tikhonov’s scheme, presented
in Chapter 4, generates effective methods for computing approximate solutions to
problem (1.1). The key to success of that scheme for equation (5.2) with an affine
operator F is the quadratic structure of the discrepancy functional

ˆ.x/ D 1

2
kF.x/k2

H2
; x 2 H1:

With the functionalˆ being quadratic, one can calculate the minimizer of Tikhonov’s
functional ‘explicitly’ (see formula (5.5)), using the necessary and sufficient condi-
tions of minimum. In this chapter we analyze a more general case, i.e., the case when
the functional ˆ is convex, but not necessarily quadratic. As before, we assume that
F 2 F .N1; N2/. For equation (5.2), the corresponding functional

ˆ.x/ D 1

2
kAx � f k2

H2

is convex and, therefore, the class of operator equations with a convex discrepancy
functional ˆ is not empty. Obviously, this class is an extension of the class of equa-
tions with affine operators F 2 F .N1; 0/. The direct differentiation of Tikhonov’s
functional

ˆ˛.x/ D ˆ.x/C ˛

2
kx � 	k2

H1

gives

ˆ0̨ .x/ D ˆ0.x/C ˛.x � 	/; x 2 H1:

In addition to that, since ˆ is convex, the following condition holds

.ˆ0.x/ �ˆ0.y/; x � y/H1
� 0 8x; y 2 H1:
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Thus,

.ˆ0̨ .x/ �ˆ0̨ .y/; x � y/H1
� ˛kx � yk2

H1
8x; y 2 H1: (8.1)

Inequality (8.1) reflects the fact that the functionalˆ˛ is strongly convex in the space
H1 for any ˛ > 0. As it is known from the theory of convex optimization, in this
case there exists a unique global minimizer of ˆ˛ in H1, x˛ , such that

x˛ 2 H1; ˆ˛.x˛/ D inf
x2H1

ˆ˛.x/; ˛ > 0:

Using the convexity of the functional ˆ, it is not difficult to show that the set X�.F /
of solutions to equation (1.1) is convex and closed. Recall that, by the assumption,
X�.F / ¤ ;. In our current situation, there is no need to additionally require the
weak continuity of the operator F , because the convexity condition on the functional
ˆ plays the part of this requirement. It follows from the convexity and the closeness
of the solution setX�.F / that, like in case (5.1), there is a unique solution x�

�
, nearest

to an arbitrarily selected element 	 2 H1:

x�
� 2 X�.F /; kx�

� � 	kH1
D dist.	; X�.F //:

Hence, relation (5.6) remains valid also for equations with an arbitrary convex func-
tionalˆ. Clearly, in this case, it is not possible, in general, to get an ‘explicit’ formula
for x˛ , similar to the one in (5.5). However, in the modern optimization theory, nu-
merous effective iterative processes for minimization of strongly convex functionals
have been developed [67]. These processes can be used for finding an element x˛ ,
for a fixed ˛ > 0, with an arbitrarily high accuracy. While implementing this kind of
scheme for the approximation of x�

�
, one comes across two typical problems.

The first problem consists in the lack of estimates for the convergence rate of the
approximation x˛ to x�

�
as ˛ ! 0. This aspect has already been discussed in the

previous chapters.
The second difficulty is encountered due to the fact that iterative processes for

minimizing the functionalˆ˛ get less effective as the regularization parameter ˛ > 0
is decreasing, since the above processes for computing the element x˛ with a specific
accuracy require more and more iterations as ˛ ! 0.

8.2 An illustrative example

Let us clarify the above mentioned difficulty using the gradient descent method with
a constant step, applied to the functional ˆ˛ for a fixed regularization parameter
˛ > 0, as an example. This method takes the form (compare to (3.1) and (6.1))

x0 2 H1; xnC1 D xn � �ˆ0̨ .xn/; n D 0; 1; : : : : (8.2)

Based on (8.2) and the necessary condition for minimum

ˆ0̨ .x˛/ WD ˆ0.xa/C ˛.xa � 	/ D 0;
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one has

kxnC1 � x˛k2
H1

D kxn � x˛ � �.ˆ0̨ .xn/ �ˆ0̨ .x˛//k2
H1

D kxn � x˛k2
H1

� 2�.ˆ0̨ .xn/ �ˆ0
a.x˛/; xn � x˛/H1

C �2 kˆ0̨ .xn/ �ˆ0̨ .x˛/k2
H1
: (8.3)

Recall that

ˆ0.x/ D F 0�.x/F.x/; x 2 H1:

The following estimate holds

kˆ0̨ .xn/ �ˆ0̨ .xa/kH1
� kˆ0.xn/ �ˆ0.xa/kH1

C ˛kxn � x˛kH1

� kF 0�.xn/kL.H2;H1/ kF.xn/ � F.x˛/kH2

C kF 0�.xn/ � F 0�.x˛/kL.H2;H1/ kF.x˛/kH2

C ˛kxn � x˛kH1

� .N 2
1 CN2kF.x˛/kH2

C ˛/ kxn � x˛kH1
: (8.4)

By definition of x˛ (see also (4.3)),

ˆ˛.x˛/ D 1

2
kF.x˛/k2

H2
C ˛

2
kx˛ � 	k2

H1
� ˆ˛.x

�
� / D ˛

2
kx�

� � 	k2
H1
:

Hence,

kF.x˛/kH2
� p

˛kx�
� � 	kH1

: (8.5)

Inequalities (8.4) and (8.5) imply

kˆ0̨ .xn/ �ˆ0̨ .x˛/kH1
� Lkxn � x�̨kH1

;

L D N 2
1 CN2kx�

� � 	kH1

p
˛ C ˛: (8.6)

Substituting estimates (8.4) and (8.6) into (8.3) and taking into the account (8.1), one
gets

kxnC1 � x˛kH1
�
p
1 � 2�˛ C �2L2 kxn � x˛kH1

; n D 0; 1; : : : : (8.7)

One can easily see that for any � > 0 the expression under the radical in (8.7) is
positive. The step size � > 0 must be chosen to make this expression as small as
possible. Let us require that

1 � 2�˛ C �2L2 < 1:

For this inequality to hold it is sufficient to assume

0 < � <
2˛

L2
: (8.8)
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If (8.8) is fulfilled, then estimate (8.7) yields

kxn � x˛kH1
� kx0 � x˛kH1

qn.˛/; n D 0; 1; : : : ;

q.˛/ D
p
1 � 2�˛ C �2L2; q.˛/ 2 .0; 1/: (8.9)

According to (8.9), the sequence ¹xnº, defined in (8.2), converges to x˛ linearly. The
quadratic polynomial under the radical in (8.7) attains its minimum with respect to �
when � D ˛L�2. The corresponding minimal value of the polynomial is 1�˛2L�2:

Thus, if ˛ ! 0, then q.˛/ in (8.9) converges to 1 for any � satisfying condition (8.8).
Therefore, as the regularization parameter ˛ is decreasing, the number of iterations
in (8.2) must go up in order to insure the uniform (with respect to ˛) accuracy of the
approximation of x˛ by elements xn.

Finally, note that if one chooses

� D "˛

L2
; " 2 .0; 2/;

then the expression under the radical in (8.7) takes the form

1 � 2�˛ C �2L2 D 1 � C."/˛2; C."/ D ".2 � "/
L2

:

Thus, estimate (8.7) can be written as

kxnC1 � x˛kH1
�
p
1 � C."/˛2 kxn � x˛kH1

:

Problems

8.1. Prove that under the assumptions of this chapter the set X�.F / is convex and
closed.

8.2. Using the argument of Chapter 3, investigate gradient scheme (8.2) for a non-
convex functional ˆ.x/ without the regularity condition. Show that in this case, in
addition to the decrease of ¹ˆ˛.xn/º, one can also prove that the iterative sequence
¹xnº is bounded:

sup
n2N

kxnkH1
� D.˛/ < 1;

provided that the step size � is chosen appropriately.

8.3. Consider the family of the discrepancy functionals

ˆ.x/ D 1

2
kF.x/ � f k2

H2
; x 2 H1; (8.10)

that correspond to the equations F.x/ D f; x 2 H1; for various right-hand sides
f 2 H2. Prove that if functional (8.10) is convex for all f 2 H2, then the operator F
is of the form (5.1). Hint: Verify that

.F 0.x/ � F 0.y//.x � y/ D 0 8x; y 2 H1

and use formula (1.4).
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8.4. Let functional (8.10) be convex on H1 and the element f be given by its ı-ap-
proximation Qf such that k Qf � f kH2

� ı. Investigate convergence of the iterations

xnC1 D xn � � Q̂ 0̨ .xn/; Q̂
˛.x/ D 1

2
kF.x/ � Qf k2

H2
C ˛

2
kx � 	k2

H1
:

Prove that if ı < N�1
2 ˛; ˛ > 0, then the above process converges linearly to the

point Qx˛ , a global minimizer of the functional Q̂
˛.x/ on H1, if � > 0 is sufficiently

small.
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Iterative regularization principle

9.1 The idea of iterative regularization

The results, derived in the previous chapters, allow one, in case of a convex discrep-
ancy functional, to get a strongly convergent minimizing sequence directly for that
functional. Indeed, take an arbitrary sequence of the regularization parameters ¹˛nº
(˛n > 0) that converges to zero. Then, by using one of the techniques of convex opti-
mization, find an approximate minimum of a strongly convex functionalˆ˛n

with an
accuracy "n D ".˛n/ > 0. To this end, one has to make some finite number N.˛n/

of steps of the method chosen. Denote the point, obtained in the above manner, by
x

"n
˛n

. Write relations (4.4) and (4.5) for that point:

ˆ.x"n
˛n
/ � ˛n

2
kx� � 	k2

H1
C "n; ˆ.x/ D 1

2
kF.x/k2

H2
; (9.1)

kx"n
˛n

� 	k2
H1

� kx� � 	k2
H1

C 2"n

˛n

: (9.2)

Following Chapter 4 suppose that

lim
n!1 "n D lim

n!1˛n D lim
n!1

"n

˛n

D 0: (9.3)

According to (9.2) and (9.3), without loss of generality, one can assume that the
sequence ¹x"n

˛n
º converges weakly in H1 to some point z�. However, unlike the case

of Chapter 4, in this chapter there is no need to make an assumption about the weak
continuity of the operator F , since a continuous convex functionalˆ is weakly lower
semi-continuous, therefore

ˆ.z�/ � lim inf
n!1 ˆ.x"n

˛n
/:

From (9.1) and (9.3) it now follows that ˆ.z�/ D 0, i.e., z� 2 X�.F /. Repeating
the arguments of Chapter 4 and using (9.2), (9.3), one gets

lim
n!1 kx"n

˛n
� x�

� kH1
D 0:
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Here x�
�

is the element of X�.F /, nearest to 	. Thus, ¹x"n
˛n

º is a minimizing se-
quence for the discrepancy functional that converges strongly to x�

�
2 X�.F /. Re-

call that in our case the set X�.F / is convex and closed. Besides, by the assumption,
X�.F / ¤ ;. In the previous chapter we have seen that N.˛n/ is unboundedly in-
creasing as ˛n, "n ! 0. In practice, the above scheme is not convenient due to the
fact that it is two-step and also due to the uncertainty with the choice of N.˛n/. It
turns out, one can generate a sequence ¹xnº, convergent to x�

�
, by means of a special

one-step iterative process. Let us describe a general scheme for the construction of
such processes.

Take some basic scheme for the minimization of a strongly convex functional
and a sequence ¹˛nº such that

0 < ˛nC1 � ˛n; n D 0; 1; : : : ; lim
n!1˛n D 0: (9.4)

Suppose, the point xn has already been constructed. Then we obtain the next point
xnC1 by doing a fixed number (independent on n) of steps of the basic iterative
method applied to the minimization problem for the Tikhonov functional ˆ˛n

with
the initial point xn. Once this is done, we repeat the process with ˛ D ˛nC1 and
with the initial point xnC1, etc. This algorithm for the construction of convergent
minimizing sequences for the discrepancy functional ˆ is called the iterative regu-
larization principle [10]. Emphasize that for its successful implementation one needs
to

a) choose a basic method, acceptable for finding a global minimizer of an arbitrary
strongly convex functional, and to fix a number of iterations that one has to perform
at every step of the main iterative process; in most cases, one iteration is performed;

b) choose a sequence of the regularization parameters ¹˛nº, satisfying conditions
(9.4);

c) adjust the inner parameters of the basic method (step size, etc) and the regulariza-
tion parameter ˛n, n D 0; 1; : : : :

9.2 The iteratively regularized gradient method

To analyze the convergence of iteratively regularized algorithms, a general scheme
has been developed. We demonstrate how it can be applied by using the gradient
descent method with a constant step as the basic method. The resulting iterative
process is called the iteratively regularized gradient method.

The iteratively regularized gradient method takes the form

x0 2 H1; xnC1 D xn � �nˆ
0̨

n
.xn/

D xn � �n.F
0�.xn/F.xn/C ˛n.xn � 	//: (9.5)

The step size �n > 0, which is an inner parameter of the gradient method, has to
be chosen as a function of the regularization parameter ˛n. Let ¹˛nº be an arbitrary
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sequence, satisfying conditions (9.4). As it was shown in Chapter 4,

lim
n!1 kx˛n

� x�
� kH1

D 0: (9.6)

According to (9.6), convergence of the sequence ¹xnº to x�
�

as n ! 1 would follow
from

lim
n!1 kxn � x˛n

kH1
D 0: (9.7)

Denote

�n D kxn � x˛n
kH1

:

For the value of �n a certain difference inequality is fulfilled. In order to drive this
inequality, one has to obtain an estimate on the norm of the difference between the el-
ements x˛ and xˇ , the global minimizers of Tikhonov’s functionals ˆ˛ and ˆˇ with
two different parameters ˛, ˇ > 0. These elements satisfy the operator equations

ˆ0̨ .x˛/ D 0; ˆ0
ˇ .xˇ / D 0;

or, in more details,

ˆ0.x˛/C ˛.x˛ � 	/ D 0; (9.8)

ˆ0.xˇ /C ˇ.xˇ � 	/ D 0: (9.9)

Subtracting identity (9.8) from (9.9), one gets

.˛ � ˇ/.xˇ � 	/ D ˆ0.xˇ / �ˆ0.xa/C ˛.xˇ � x˛/:

If one scalar multiplies both sides of this equality by xˇ � x˛ and takes into account
that convexity of the functional ˆ implies

.ˆ0.xˇ / �ˆ0.x˛/; xˇ � x˛/H1
� 0;

then one concludes

.˛ � ˇ/.xˇ � 	; xˇ � x˛/H1
� ˛kxˇ � x˛k2

H1
: (9.10)

Applying the Cauchy–Schwartz inequality to the left-hand side of (9.10) and dividing
both sides by kxˇ � x˛kH1

, one has

kxˇ � x˛kH1
� j˛ � ˇj

˛
kx˛ � 	kH1

8˛; ˇ > 0: (9.11)

Set ".˛/ D 0 in (4.5). Then

kx˛ � 	kH1
� kx�

� � 	kH1
8˛ > 0:
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Therefore (9.11) yields

kxˇ � x˛kH1
� j˛ � ˇj

˛
kx�

� � 	kH1
8˛; ˇ > 0:

Now let us derive a difference inequality for �n. As a starting point we use the fol-
lowing identity

xnC1 � x˛nC1
D .xn � x˛n

� �nˆ
0̨

n
.xn//C .x˛n

� x˛nC1
/: (9.12)

Applying (8.7) and (9.11), one obtains from (9.12)

�nC1 D kxnC1 � x˛nC1
kH1

� kxn � x˛n
� �nˆ

0̨
n
.xn/kH1

C kx˛n
� x˛nC1

kH1

�
q
1 � 2�n˛n C �2

nL
2 �n C ˛n � ˛nC1

˛n

kx�
� � 	kH1

;

(9.13)

where, according to (8.6) and (9.4),

L D N 2
1 CN2kx�

� � 	kH1

p
˛0 C ˛0:

Inequality (9.13) is satisfied for any choice of a sequence of positive step sizes ¹�nº.
If one wants to ensure that �n converges to zero, then one has to guarantee that the
coefficient with �n in (9.13) is less than 1 at least for sufficiently large values of n.
This condition holds if

lim
n!1

�n

˛n

D 0: (9.14)

Since

q
1 � 2�n˛n C �2

nL
2 D

s
1 � �n˛n

�
2 � �n

˛n

L2

�
;

it follows form (9.14) that for all sufficiently large n 2 N, one hasq
1 � 2�n˛n C �2

nL
2 � 1 � 1

2
�n˛n:

Thus, staring with some large number n, for the elements of the sequence ¹�nº the
inequality

�nC1 �
�
1 � 1

2
�n˛n

�
�n C ˛n � ˛nC1

˛n

kx�
� � 	kH1

(9.15)

is fulfilled. Note that from (9.4) and (9.14) one obtains

lim
n!1 �n D 0:

In order to complete the argument, we need the following auxiliary result.
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Lemma ([77]). Let the sequence of nonnegative numbers ¹!nº be such that

!nC1 � .1 � an/!n C bn; n D 0; 1; : : : ; (9.16)

where ¹anº, ¹bnº satisfy the assumptions

0 < an � 1; bn � 0; n D 0; 1; : : : ;

1X
nD0

an D 1; lim
n!1

bn

an

D 0: (9.17)

Then

lim
n!1!n D 0: (9.18)

Indeed, inequality (9.16) yields

!nC1 � .1 � an/.1 � an�1/!n�1 C .1 � an/bn�1 C bn

� � � � �
nY

j D0

.1 � aj /!0 C
n�1X
iD0

bi

nY
j DiC1

.1 � aj /C bn: (9.19)

By (9.17) limn!1
Qn

j D0.1 � aj / D 0 and limn!1 bn D 0. Thus we have to show
that

lim
n!1

n�1X
iD0

bi

nY
j DiC1

.1 � aj / D 0: (9.20)

To get (9.20) we will use the representation:

n�1X
iD0

bi

nY
j DiC1

.1 � aj / D
mX

iD0

bi

nY
j DiC1

.1 � aj /C
n�1X

iDmC1

bi

nY
j DiC1

.1 � aj /: (9.21)

Here m is an arbitrary integer less than n. The first term in the right-hand side of
(9.21) can be estimated as follows

mX
iD0

bi

nY
j DiC1

.1 � aj / D
mX

iD0

bi

ai

h nY
j DiC1

.1 � aj / �
nY

j Di

.1 � aj /
i

� �
h nY

j DmC1

.1 � aj / �
nY

j D0

.1 � aj /
i

� � exp
�
�

nX
j DmC1

aj

�
; (9.22)

where � D supn�0
bn

an
Introduce the notation %m;n WD maxmC1�i�n�1

bi

ai
. For the

second term in (9.21) one obtains

n�1X
iDmC1

bi

nY
j DiC1

.1 � aj / � %m;n

n�1X
iDmC1

h nY
j DiC1

.1 � aj / �
nY

j Di

.1 � aj /
i

D %m;n

h
1 � an �

nY
j DmC1

.1 � aj /
i

� %m;n: (9.23)



74 9 Iterative regularization principle

Therefore

lim
n!1

n�1X
iD0

bi

nY
j DiC1

.1 � aj / � lim sup
m!1

°
lim

n!1
h
� exp

�
�

nX
j DmC1

aj

�
C %m;n

i±

� lim sup
m!1

�
0C sup

mC1�n

bn

an

�
D lim sup

n!1
bn

an

D 0: (9.24)

The last conclusion is a consequence of the last assumption in (9.17). From (9.24),
(9.20) and (9.19) one concludes that (9.18) holds.

In case of estimate (9.15), requirements (9.17) indicate

1X
nD0

˛n�n D 1; lim
n!1

˛n � ˛nC1

˛2
n�n

D 0: (9.25)

It is possible to satisfy conditions (9.4), (9.14) and (9.25) by choosing sequences
¹˛nº, ¹�nº that slowly converge to zero. One can take, for example,

˛n D ˛0

.nC 1/p
; �n D �0

.nC 1/pCq
; n D 0; 1; : : : ; (9.26)

where ˛0; �0 > 0, p 2 .0; 1/ and q > 0. Then assumptions (9.4) and (9.14) are,
obviously, fulfilled. The first condition in (9.25) holds, if

2p C q � 1: (9.27)

One can easily verify that if inequality (9.27) is strict, then the second condition in
(9.25) is also satisfied. Moreover, the following convergence rate can be guaranteed
for the sequence ¹�nº in this case:

�n D O

�
1

n1�2p�q

�
: (9.28)

For the sake of simplicity we skip the proof of relation (9.28). One concludes from
the above that under assumptions (9.4), (9.14) and (9.25), process (9.5) converges to
x�

�
, i.e., the identity

lim
n!1 kxn � x�

� kH1
D 0

holds, for any choice of the initial approximation x0 2 H1.

Problems

9.1. Prove that if p; q > 0 and 2pC q < 1, then sequences (9.26) satisfy the second
condition in (9.25).
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9.2. Investigate convergence of iteratively regularized gradient process

x0 2 H1; xnC1 D xn � �n.F
0�.xn/.F.xn/ � Qf /C ˛n.xn � 	// (9.29)

for solving the equation F.x/ D f (x 2 H1) when, instead of the exact right-hand
side, its ı-approximation is available

k Qf � f kH2
� ı

(see Problem 8.4). How should one stop process (9.29) in order to get an approxima-
tion xn.ı/ that converges to the solution as ı ! 0?

9.3. Let it be known a priori that in problem (1.1) the solution x�
�

2 Q, where Q
is a convex closed set in H1. Denote by PQ the projection operator (in general,
nonlinear) from H1 onto the set Q, i.e.,

PQ.x/ 2 Q; kx � PQ.x/kH1
D dist.x;Q/ 8x 2 H1:

Investigate convergence of iteratively regularized gradient projection scheme

x0 2 H1; xnC1 D PQ.xn � �nˆ
0̨

n
.xn//; n D 0; 1; : : : :

Hint: Verify the inequality

kPQ.x/ � PQ.y/kH1
� kx � ykH1

8x; y 2 H1

and use the identity PQ.x
�
�
/ D x�

�
:

9.4. In connection with Problem 9.3, write the projection operator PQ for the sets

Q1 D B.z; r/; Q2 D ¹x 2 H1 W .a; x/H1
D bº;

Q3 D ¹x 2 H1 W .a; x/H1
� bº;

where a; z 2 H1, b; r 2 R. In which cases the operator PQ turns out to be linear?
Which of the sets, listed above, have interior points?

9.5. Let H1 D L2.a; b/ and Q is the set of all functions x D x.t/ from the space
L2.a; b/ such that c1 � x.t/ � c2 for almost all t 2 .a; b/ (c1 � c2). Prove
that the set Q is convex and closed. Write the projection operator onto this set. How
should one change the formula for PQ, if the setQ is defined by one-sided inequality
x.t/ � c1, or x.t/ � c2 (for almost all t 2 .a; b/)? Do the sets Q, considered in this
problem, have interior points?
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The iteratively regularized Gauss–Newton method

10.1 Convergence analysis

The iterative regularization principle turns out to be successful even if applied to
equations (1.1) with arbitrary smooth operators F . Below we consider an iteratively
regularized version of Gauss–Newton scheme (2.6) ([13], ch. 4). Suppose for now
that the operator F is in the class F .N1; N2/. Neither convexity of the discrepancy
functional, nor regularity of F in a neighborhood of the solution is assumed.

Iterations of the method we are interested in can be obtained as follows. Let ¹˛nº
be some sequence of regularization parameters, satisfying the conditions

0 < ˛nC1 � ˛n; n D 0; 1; : : : ; lim
n!1˛n D 0;

sup
nD0;1;:::

˛n

˛nC1

D r < 1: (10.1)

Suppose xn is the current point of the iterative process we are trying to construct.
Take the Tikhonov functional

ˆ˛n
.x/ D 1

2
kF.x/k2

H2
C ˛n

2
kx � 	k2

H1
; x 2 H1:

Rewrite this functional by replacing the discrepancy part

ˆ.x/ D 1

2
kF.x/k2

H2

with its approximation

ˆ.xnI x/ D 1

2
kF.xn/C F 0.xn/.x � xn/k2

H2

(see Chapter 2). Then, instead of ˆ˛n
, one gets a strongly convex quadratic func-

tional

ˆ˛n
.xnI x/ D 1

2
kF.xn/C F 0.xn/.x � xn/k2

H2
C ˛n

2
kx � 	k2

H1
; x 2 H1:

(10.2)
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The only global minimum of functional (10.2) can be written explicitly. Denote this
point by xnC1 and regard it as the next element of the iterative process. By direct
calculations one obtains xnC1 in the following form:

xnC1 D 	 � .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/ŒF .xn/ � F 0.xn/.xn � 	/�:
(10.3)

Algorithm (10.3) is called the iteratively regularized Gauss–Newton (IRGN) method.
For iterations (10.3) to be well-defined, one has to provide the initial point

x0 2 H1. Let x� be some element of the solution setX�.F / of equation (1.1). As be-
fore, assume this set is nonempty. In the case of an arbitrary operatorF 2 F .N1; N2/

the setX�.F / is closed, but does not have any special properties like convexity. Still,
under certain additional assumptions on x�, 	 and x0, process (10.3) converges to x�,
and one can estimate the rate of convergence of ¹xnº to x�. From (10.3) one con-
cludes

xnC1 � x� D 	 � x�

� .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/ŒF .xn/ � F 0.xn/.xn � 	/�:
(10.4)

Since F.x�/ D 0 and, by (1.5),

F.x�/ D F.xn/C F 0.xn/.x
� � xn/CG.xn; x

� � xn/;

one has

F.xn/ � F 0.xn/.xn � 	/ D F 0.xn/.xn � x�/ � F 0.xn/.xn � 	/
�G.xn; x

� � xn/ D F 0.xn/.	 � x�/ �G.xn; x
� � xn/:

Now one can rewrite identity (10.4) in the form

xnC1 � x� D .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/G.xn; x
� � xn/

C ˛n.F
0�.xn/F

0.xn/C ˛nE1/
�1.	 � x�/: (10.5)

Suppose the following source-type condition, analogous to (7.3), holds

	 � x� D F 0�.x�/v; kvkH2
� d: (10.6)

Condition (10.6) indicates that the element 	 in (10.3) belongs to the ellipsoid

Sd D ¹x 2 H1 W x D x� C F 0�.x�/v; kvkH2
� dº;

which is defined similar to (7.10). Substitution of (10.6) into (10.5) yields

xnC1 � x� D .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/G.xn; x
� � xn/

C ˛n.F
0�.xn/F

0.xn/C ˛nE1/
�1.F 0�.x�/ � F 0�.xn//v

C ˛n.F
0�.xn/F

0.xn/C ˛nE1/
�1F 0�.xn/v (10.7)
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Based on (1.6) and (5.22), for the first term in the right-hand side of (10.7) one gets

k.F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/G.xn; x
� � xn/kH1

� N2

4
p
˛n

kxn � x�k2
H1
:

By (1.3), (2.11), (5.4) and (10.6), the second term is estimates as follows

k.F 0�.xn/F
0.xn/C ˛nE1/

�1.F 0�.x�/ � F 0�.xn//vkH1
� N2d

˛n

kxn � x�kH1
:

Finally, for the third term, (5.22) and (10.6) imply

k.F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/vkH1
� d

2
p
˛n

:

Combining the above estimates, one derives from (10.7)

kxnC1 � x�kH1
� N2

4
p
˛n

kxn � x�k2
H1

CN2dkxn � x�kH1
C d

p
˛n

2
: (10.8)

Let us show that, for sufficiently small values of d and kx0 � x�kH1
, kxn � x�kH1

converges to zero as n ! 1 and the following estimate for the convergence rate
holds

kxn � x�kH1
D O.

p
˛n/: (10.9)

Denote

�n D kxn � x�kH1p
˛n

:

According to (10.1) and (10.8), one obtains

�nC1 � 1

4
N2

p
r�2

n CN2d
p
r�n C 1

2
d

p
r; n D 0; 1; : : : : (10.10)

In order to prove estimate (10.9) it is sufficient to verify that the sequence ¹�nº is
bounded from above. We proceed by induction. Let d satisfy the condition

0 < d <
1

N2

p
r
: (10.11)

Assume that �0 � D, that is,

kx0 � x�kH1
� D

p
˛0:

Below we make our requirements on the choice of the constant D more specific. For
now, suppose that D is a positive number and that for some n � 0, �n � D. Let us
prove that in this case �nC1 � D. Indeed, (10.10) implies

�nC1 � 1

4
N2

p
rD2 CN2d

p
rD C 1

2
d

p
r: (10.12)
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The value of the right-hand side in (10.12) does not exceed D if

1

4
N2

p
rD2 C 1

2
d

p
r � .1 �N2d

p
r/D: (10.13)

Note, that by (10.11) the right-hand side of inequality (10.13) is positive. For the
sake of brevity, denote

q D N2d
p
r;

and replace condition (10.11) with a stronger one:

q C 1p
2

p
q 4

p
r < 1: (10.14)

Obviously, inequality (10.14) holds if d is rather small. The direct calculations show
that under condition (10.14) the values of D, satisfying (10.13), fill out a segment
ŒD1;D2�, where 0 < D1 < D2. If one takes D 2 ŒD1;D2�, then �nC1 � D:

Following the induction principle, one concludes that �n � D for all n D 0; 1; : : : ;

i.e.,

kxn � x�kH1
� D

p
˛n; n D 0; 1; : : : : (10.15)

According to the remark made in the beginning of Chapter 1, our initial requirement,
F 2 F .N1; N2/, can be relaxed essentially. By (10.1) and (10.15), all iterative points
xn are contained in the ball B.x�;Dp

a0/. Therefore it is sufficient to assume that
F satisfies condition (1.20) and the following inequality holds

D
p
˛0 � R:

10.2 Further properties of IRGN iterations

Let us discuss some additional results that one can obtain by studying convergence
of iterations (10.3).

1) Assume that the element 	 is chosen in such a way that the distance between 	
and the ellipsoid Sd is greater than zero. Namely, let instead of exact source-type
condition (10.6) the approximate condition

	 � x� D F 0�.x�/v C w; kvkH2
� d; kwkH1

� 
; (10.16)

be satisfied. The value of
 in (10.16) is the error, with which condition (10.6) holds.
If we use the same argument as the one applied to derive (10.8) and (10.10), but
with (10.6) being replaced by (10.16), then, instead of (10.10), we get the following
difference inequality

�nC1 � 1

4
N2

p
r�2

n CN2d
p
r�n C 1

2
d

p
r C 


p
rp
˛n

; n D 0; 1; : : : : (10.17)
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Since the last term in the right-hand side of estimate (10.17) increases unboundedly
as n ! 1, in general, one cannot guarantee that the values �n remain uniformly
bounded with respect to n. However, it follows from (10.17), that for the numbers n
such that


p
˛n

� 1

2
d; (10.18)

the relation, similar to (10.12), is fulfilled

�nC1 � 1

4
N2

p
rD2 CN2d

p
rD C d

p
r: (10.19)

Assume additionally that


p
˛0

� 1

2
d; (10.20)

and define the number n.
/ by the identity

n.
/ D max

²
n D 1; 2; : : : W 
p

˛n�1

� 1

2
d

³
: (10.21)

(10.1) together with (10.20) imply that the number n.
/, satisfying (10.21), is al-
ways finite and n 2 N. Besides,

lim
	!0

n.
/ D 1: (10.22)

According to conditions (10.1) and (10.21), inequality (10.18) holds for the num-
bers n D 0; 1; : : : ; n.
/ � 1 precisely. For the same numbers, relation (10.19) is
satisfied. Repeating the previous arguments with inequality (10.14) being replaced
by a stronger one

q C p
q 4

p
r < 1;

one gets estimate (10.15), which is fulfilled for the numbers n D 0; 1; : : : ; n.
/ only
in this case. The iterative point xn.	/ can now be taken as an approximation to the
solution x�. Setting n D n.
/ in estimate (10.15), one gets

kxn.	/ � x�kH1
� D

p
˛n.	/: (10.23)

HereD 2 Œ QD1; QD2� (0 < QD1 < QD2); QD1, QD2 are the roots of the quadratic equation

1

4
N2

p
rD2 CN2d

p
rD C d

p
r D D:

We point out that, by (10.22), the right-hand side of estimate (10.23) converges to
zero as 
 ! 0. This statement can be specified as follows. From (10.21) one has


p
˛n.	/

>
1

2
d:
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Therefore

p
˛n.	/ <

2


d
;

and (10.23) yields

kxn.	/ � x�kH1
<
2D


d
:

As one can see, the element xn.	/ depends stably on the error in source-type condi-
tion (10.6). The urgency in the replacement of original source-type condition (10.6)
with relaxed condition (10.16) is justified by the same argument that motivates tran-
sition from (7.3) to (7.28) in the linear case. Namely, for irregular equation (1.1),
the interior of the ellipsoid Sd is empty. A typical example is an equation with an
operator F that has a compact derivative F 0.x/ (x 2 H1) for dimH1 D 1 (see
Problem 1.12). Unlike (10.6), condition (10.16) requires to choose the element 	
form a 
-neighborhood of Sd that has a nonempty interior.

2) The convergence analysis of process (10.3) can also be done under a stronger, as
compared to (10.6), source-type condition

	 � x� D .F 0�.x�/F 0.x�//�u; u 2 H1: (10.24)

Here � � 1=2 and kukH1
� d . Assumption (10.24) is more restrictive than (10.6),

since

R..F 0�.x�/F 0.x�//1=2/ D R.F 0�.x�//

and the following inclusion holds (see (7.34))

R..F 0�.x�/F 0.x�//�/ � R..F 0�.x�/F 0.x�//1=2/ 8� > 1=2;
which turns out to be strict in most cases. The key to the analysis of iterations (10.3)
under condition (10.24) is an identity, similar to (10.7), but the required estimates are
more technical if one uses (10.24). In place of (10.9), provided that certain limitations
on the values of d and kx0 � x�kH1

are imposed, one gets the following estimate
(see [13], ch. 4, §1):

kxn � x�kH1
D
´
O.˛�

n/; 1=2 � � � 1;

O.˛n/; � � 1:
(10.25)

The analogy of estimates (10.25) and (7.20)–(7.21) is obvious. However, in case of
(10.25) the exponent in the source-type condition � is bounded from below by the
value 1=2. Together with (10.24), one can consider perturbed source-type conditions
of the form ([13], ch. 4, §1)

	 � x� D .F 0�.x�/F 0.x�//�uC w; kukH1
� d; kwkH1

� 
: (10.26)
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3) Our statement that source-type condition (10.24) implies estimate (10.25) admits
a reversion in the following sense. One can show that ([13], ch. 4, §2) if process
(10.3) has the convergence rate

kxn � x�kH1
D O.˛�

n/; n D 0; 1; : : : .1=2 < � � 1/;

then for all � 2 Œ0; �/ the inclusion below holds

	 � x� 2 R..F 0�.x�/F 0.x�//�/:

Hence, condition (10.24), sufficient for the realization of estimate (10.25), is quite
close to being the necessary one. In Chapter 7 we have already come across con-
verse theorems of this kind, related to various methods for solving linear irregular
equations (5.2).

4) Up until now it was assumed that the operator F , which defines equation (1.1), is
known exactly. Let us see how the above arguments are to be changed if the opera-
tor F is no longer accurate. To this end, consider the equation

F.x/ D f; x 2 H1 .f 2 H2/ (10.27)

with the operator F 2 F .N1; N2/. For this equation, process (10.3) takes the form

xnC1 D 	 � .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/ŒF .xn/ � f � F 0.xn/.xn � 	/�:
(10.28)

Suppose that the exact right-hand side of equation (10.27) is unknown and, instead,
its approximation Qf 2 H2 is available such that

k Qf � f kH2
� ı: (10.29)

Naturally, in this case, one calculates an approximate value of x� using the following
iterative process

xnC1 D 	 � .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/ŒF .xn/ � Qf � F 0.xn/.xn � 	/�;
(10.30)

which is obtained from (10.28) by replacing f with Qf . Let a solution x� to equation
(10.27) satisfy perturbed source-type condition (10.16) with some element 	 2 H1.
By repeating arguments (10.4)–(10.7) and taking into account (10.29), one gets the
estimate

kxnC1 � x�kH1
� N2

4
p
˛n

kxn � x�k2
H1

CN2dkxn � x�kH1
C d

p
˛n

2
C
C ı

2
p
˛n

(10.31)
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in place of (10.8). Based on (10.31), one concludes that the following inequality is
now fulfilled, instead of (10.17),

�nC1 � 1

4
N2

p
r�2

n CN2d
p
r�n C 1

2
d

p
r C 


p
rp
˛n

C ı
p
r

2˛n

; n D 0; 1; : : : :

(10.32)

Just like in case of (10.20) assume that


p
a0

C ı

2˛0

� 1

2
d:

Since �n � D, inequality (10.32) implies that for all numbers n D 0; 1; : : : ;

n.ı;
/ � 1, where

n.ı;
/ D max

²
n D 1; 2; : : : W 
p

˛n�1

C ı

2˛n�1

� 1

2
d

³
; (10.33)

relation (10.19) holds. Take xn.ı;	/ as an approximation to the solution x�. Arguing
as above, one derives the estimate

kxn.ı;	/ � x�kH1
� D

p
˛n.ı;	/: (10.34)

We point out that n.ı;
/ 2 N and

lim
ı;	!0

n.ı;
/ D 1:

Therefore the right-hand side of estimate (10.34) converges to zero as ı;
 ! 0.
The number n.ı;
/, defined by formula (10.33), has a meaning of a stopping rule
for iterative process (10.30). Estimate (10.34) indicates that method (10.28) is stable
with respect to noise in f and with respect to perturbations in source-type condi-
tion (10.6), provided the iterations are terminated at a suitable moment.

As before, in place of inclusion F 2 F .N1; N2/, it is sufficient to require the
fulfilment of condition (1.20) in the ball B.x�; R/ with radius R � D

p
˛0.

10.3 A unified approach to the construction of iterative methods
for irregular equations

In conclusion of this chapter we describe a unified approach to the construction of
iterative methods for irregular equations (1.1). As a starting point for the construc-
tion of the next approximate element xnC1, given the element xn, one can take the
linearized equation (compare to (1.9))

F.xn/C F 0.xn/.x � xn/ D 0; x 2 H1: (10.35)
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As it was mentioned in Chapter 1, if the original equation is not regular, then lin-
earized equation (10.35) may not be solvable, or it may have a set of solutions unsta-
ble with respect to small variations of the operator F . The same applies to the least
square solution of (10.35) (see (2.4)). Nevertheless, formally, one can still use a num-
ber of methods for solving (10.35), among which there are Tikhonov method (5.3)
and iterative gradient method (6.1) considered before. Since solvability of (10.35) is
not guaranteed, it does not make much of a sense to try to find the exact solution
of (10.35) with ˛ ! 0 in Tikhonov’s method, or n ! 1 in the gradient method. It
is worthwhile to stop at some positive value ˛ D ˛n > 0, or at some iteration of pro-
cess (6.1) with a finite number n < 1. Let us look closely at Tikhonov method (5.3)
with ˛ D ˛n applied to equation (10.35). Rewrite this equation in the form

F 0.xn/x D F 0.xn/xn � F.xn/; x 2 H1: (10.36)

Assuming in (5.3), or (5.4), A D F 0.xn/, f D F 0.xn/xn � F.xn/, by direct calcu-
lations one gets

x˛n
D 	 � .F 0�.xn/F

0.xn/C ˛nE1/
�1F 0�.xn/ŒF .xn/ � F 0.xn/.xn � 	/�:

(10.37)

As one can see, the approximation x˛n
is equal to the element xnC1 in iterative

process (10.3). This alternative argument for obtaining iterations (10.3) allows one
to derive other methods in a similar fashion. For example, one can apply a finite
number of steps of gradient method (6.1) to equation (10.36) and take the resulting
point as the next approximation xnC1 in the basic iterative process. It is reasonable
to assume that the number of gradient steps for solving linearized equation (10.36)
should increase as n goes up. One can make exactly n steps of (6.1) at the nth exterior
iteration (n � 1). In this case, according to (6.7), one has

xnC1 D ŒE1 �‚.F 0�.xn/F
0.xn/; ˛n/F

0�.xn/F
0.xn/�	

C‚.F 0�.xn/F
0.xn/; ˛n/F

0�.xn/.F
0.xn/xn � F.xn//

D 	 �‚.F 0�.xn/F
0.xn/; ˛n/F

0�.xn/ŒF .xn/ � F 0.xn/.xn � 	/�: (10.38)

Here ˛n D n�1 and the function ‚.�; ˛/ is defined in (6.6).
Is is not difficult to verify, that iterative method (10.3), which was derived be-

fore, can also be written in form (10.38), though the generating function ‚.�; ˛/
must be given by (5.11). Thus, (10.38) turns out to be a rather general scheme that
includes various iterative methods for solving irregular equations (1.1). The results
listed above in 1)–4) have their natural analogies for generating function (6.6), as
well as for many other generating functions ‚ (see [13], ch. 4, §1).

10.4 The reverse connection control

In this section, the possibility of using the reverse connection control for iteratively
regularized Gauss–Newton-type algorithms is analyzed. It is shown that for the gen-
eralized Gauss–Newton iterations the diameter of the set containing the control ele-
ments can tend to 1 as n ! 1.
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Consider iterative method (10.38) for solving the equation

F.x/ D 0; F W H1 ! H2; (10.39)

in the presence of noise

xnC1 D 	n �‚.F 0�
ı .xn/F

0
ı.xn/; ˛n/F

0�
ı .xn/¹Fı.xn/ � F 0

ı.xn/.xn � 	n/º:
(10.40)

We refer the reader to [13] and [16] for a detailed convergence analysis of algorithm
(10.40). In this algorithm, ¹˛nº is a regularization sequence that converges to 0 as
n ! 1 and ‚.�; ˛/ is a generating function. It has been shown in [13] that some
choices of ‚.�; ˛/ may result in better convergence rates than those obtained by
IRGN method (10.3), which corresponds to ‚.�; ˛/ D 1

�C˛
:

Starting with [11], the following source condition has been imposed to carry out
the convergence analysis of (10.40):

x� � 	 2 '.F 0�.x�/F 0.x�//S; S WD ¹v 2 H1; kvkH1
� "º: (10.41)

Normally, one takes [13]

'.t/ D t�; � � 1

2
; (10.42)

though

'.t/ D t�; 0 � � <
1

2
; (10.43)

and

'.t/ D
´�� ln t

e t0

��p
; 0 < t � t0;

0; t D 0
(10.44)

(t0 � kF 0. � /k2; p > 0, and e is Euler’s constant) can also be used if combined with
certain nonlinearity conditions [46].

The convergence theorems based on assumption (10.41) require " to be rather
small. However, the practical implementation of iterative process (10.40) reveals
a much better tolerance of (10.40) to the choice of 	 than one could expect from
the results of the above research. Hence it seems reasonable to further explore the
stabilizing properties of algorithm (10.41), and in this section we consider the gen-
eralized Gauss–Newton method in the following form

xnC1 D 	n �‚.F 0�
ı .xn/F

0
ı.xn/; ˛n/F

0�
ı .xn/¹Fı.xn/ � F 0

ı.xn/.xn � 	n/º:
(10.45)

It will be shown here that if one chooses 	n by means of undetermined reverse con-
nection, i.e., from the set depending on the current iteration point xn

x� � 	n 2 '.F 0�.x�/F 0.x�//Sn; (10.46)



86 10 The iteratively regularized Gauss–Newton method

then the radius of Sn (as opposed to " in (10.41)) can tend to 1 as n ! 1. Hence
the diameter of the set containing elements 	n, which guarantee convergence of al-
gorithm (10.40), can become arbitrarily large as iterations progress. Suppose that
inequality

kFı.x
�/kH2

� ı1 (10.47)

holds and for any x; y 2 B
 .x
�/

kF 0
ı.x/kH2

� N; kF 0
ı.x/ � F 0

ı.y/kH2
� Lkx � ykH1

; N;L � 0; (10.48)

with � defined in (10.65) below. Let the regularizing sequence ¹˛nº and the generat-
ing function ‚.�; ˛/ satisfy the following assumptions

1 � ˛
p
n

˛
p
nC1

� R; n D 0; 1; 2; : : : ; (10.49)

sup
�2Œ0;N 2�

j‚.�; ˛/
p
�j � C1p

˛
; (10.50)

sup
�2Œ0;N 2�

j1 �‚.�; ˛/�j�p � C2.p/˛
p; p 2 Œ0; p0/; p0 >

1

2
: (10.51)

By default, it is assumed that ‚.�; ˛/ is defined for all values of � and ˛ required to
construct iterations (10.45).

For ‚.�; ˛/ D 1
�C˛

, inequality (10.50) is fulfilled with C1 D 1
2

, and inequality
(10.51) holds for p 2 Œ0; 1� with C2.p/ D pp.1 � p/1�p . For some other functions
‚.�; ˛/, the admissible interval Œ0; p0/may be infinite. The specifics of the constants
C1 and C2 in (10.50) and (10.51) will no longer be relevant to our future reasoning.

To study convergence of (10.45), one has to select a function ' in source condi-
tion (10.46). We’ll use a modified version of (10.42) in the form

x� � 	n 2 .F 0�.xn/F
0.xn//

�wn C �n; (10.52)

with

1

2
� � � p0; kwnkH1

� rn � M

˛k
n

; 0 � k � �; and k�nkH1
� ı2;

(10.53)

where M is some positive constant. Assume that, as in the previous sections, x�
is a solution to the exact equation F.x/ D 0, which is to be approximated by the
iterative process. From (10.47) and condition (10.48), one obtains

F 0�
ı .xn/Fı.xn/ D F 0�

ı .xn/¹Fı.x
�/C F 0

ı.xn/.xn � x�/C Gnº;
kGnkH2

� L

2
kxn � x�k2

H1
: (10.54)
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By (10.45) and (10.54), it follows that

xnC1 � x� D �‚.F 0�
ı .xn/F

0
ı.xn/; ˛n/F

0�
ı .xn/¹Fı.x

�/C Gnº
� ŒI �‚.F 0�

ı .xn/F
0
ı.xn/; ˛n/F

0�
ı .xn/F

0
ı.xn/�

� ¹.F 0�
ı .xn/F

0
ı.xn//

�wn C �nº (10.55)

Taking into account (10.53)–(10.55), one concludes

kxnC1 � x�kH1
� C1L

2
p
˛n

kxn � x�k2
H1

C C1ı1p
˛n

C C2M˛
��k
n C C2ı2: (10.56)

In order to study the behavior of solutions to (10.56) as n ! 1, we introduce a new
variable

�n WD kxn � x�kH1

˛
p
n

; where
1

2
� p � � � k: (10.57)

Estimates (10.49) and (10.56) yield

�nC1 � C1LR

2
˛

p� 1
2

n �2
n C C1ı1R

˛
pC 1

2
n

C C2MR˛
��k�p
n C C2ı2R

˛
p
n

: (10.58)

Assume that n�
ı

is the minimal n with

max

´
C1ı1

˛
pC 1

2
n

;
C2ı2

˛
p
n

μ
>
1

2
C2M˛

��k�p
0 : (10.59)

Let us verify that solutions to (10.58) are bounded for any n < n�
ı
. Indeed, inequal-

ities (10.57) and (10.59) imply that the coefficients in the right-hand side of (10.58)
are bounded. By (10.49), the sequence ¹˛nº approaches zero monotonically. Thus
sufficient conditions of boundedness of solutions to the inequality

�nC1 � C1LR

2
˛

p� 1
2

0 �2
n C 2C2MR˛

��k�p
0 (10.60)

will also guarantee boundedness of solutions to (10.58).
To show that solutions to (10.60) are bounded, we proceed by induction. Suppose

for some l > 0 and n�
ı
> n � 0, one has

�k � l; k D 0; : : : ; n: (10.61)

The element �nC1 will satisfy the same inequality if the following condition holds

g2.l/ WD C1LR

2
˛

p� 1
2

0 l2 � l C 2C2MR˛
��k�p
0 � 0: (10.62)

This inequality will be fulfilled if l > 0 is the larger root of the quadratic polynomial
g2.l/. Under the assumption

4C1C2LMR
2˛

��k� 1
2

0 < 1; (10.63)
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this root necessarily exists and equals

l� WD 1C
q
1 � 4C1C2LMR2˛

��k� 1
2

0

C1LR˛
p� 1

2

0

: (10.64)

Condition (10.63) can be satisfied for any L and M if ˛0 is chosen appropriately. In
particular, for ˛0 < 1, inequality (10.63) holds for any L andM if � is large enough.

Estimate (10.63) implies that for the solutions to (10.60) to be bounded, it is
sufficient that

kx� � x0k � p
˛0

1C
q
1 � 4C1C2LMR2˛

��k� 1
2

0

C1LR
WD �: (10.65)

Thus, undetermined reverse connection (10.52) allows one to significantly relax the
source condition in the sense specified above.

To summarize, let conditions (10.48)–(10.53), (10.57), (10.59), (10.63) and
(10.65) hold. Then for ¹xnº defined by (10.45), one has

1/
kxn � x�kH1

�
p
n

� l� 8n � n�
ı ; (10.66)

and

2/ kxn�
ı

� x�kH1
D O.ı

1=2
1 C ı2/: (10.67)

Problems

10.1. Prove that identity (10.3) defines minimum of functional (10.2).

10.2. Derive identity (10.5).

10.3. Prove inequality (10.17).

10.4. Derive estimate (10.25) under source-type condition (10.24) with the exponent
� D 1.

10.5. Prove identity (10.37).

10.6. Derive estimates, similar to (10.15) and (10.23), for iterative process (10.38)
with generating function (6.6).

10.7. Give explicit formulas forD1,D2, QD1, QD2. Can the constantD in (10.15) and
(10.23) be chosen from the conditions D 2 .0;D1/ and D 2 .0; QD1/ respectively?

10.8. Verify that method (10.38), where the generating function is given by (5.11),
coincides with (10.3).
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10.9. Suppose that a solution x� to equation (1.1) is contained in a convex, closed
set Q � H1. Investigate convergence of the iterative process

xnC1 D PQ¹	 � .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/ŒF .xn/ � F 0.xn/.xn � 	/�º:
Analyze its modification for equation (10.27) with an approximate right-hand side.

10.10. Assuming that the operator F 2 F .N1; N2/ satisfies condition of the uniform
regularity (1.15), consider Newton’s method for equation (10.27) with a perturbed
right-hand side

xnC1 D xn � F 0.xn/
�1.F.xn/ � Qf /; n D 0; 1; : : : :

Show that for "n D kxn � x�kH1
the inequality below

"nC1 � 1

2
mN2"

2
n Cmı

holds. Proceeding by mathematical induction and using the technique for the analysis
of difference inequalities developed in this chapter, prove that if

C � 2m; l � 1

mN2

; ı � 1

2mN2C
; "0 � lq C Cı; q 2 .0; 1/;

then the following estimate

"n � lq2n C Cı; n D 1; 2; : : : ;

is fulfilled.
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The stable gradient method for irregular nonlinear
equations

11.1 Solving an auxiliary finite dimensional problem
by the gradient descent method

In this chapter we consider one more approach to the construction of stable iterative
methods for irregular equations (1.1). Suppose that the set of solutions X�.F / to
equation (1.1) is nonempty, F 2 F .N1; N2/. Let us start with the equivalent varia-
tional problem

min
x2H1

1

2
kF.x/k2

H2
: (11.1)

As we have seen in Chapter 3, the direct application of minimization methods (the
gradient method, for example) to problem (11.1) in case of irregular operators F
does not result in the construction of convergent iterative processes, in general.
Ultimately, this is happening because the space H1 is infinite dimensional. Indeed,
the minimization methods, including the gradient one, generate the sequences, along
which the functional is decreasing. However, even when those sequences are min-
imizing and bounded, there is no guarantee they will converge to the solution set
X�.F /, if H1 is infinite dimensional (see Problem 3.5). The situation of a finite di-
mensional space H1 is different. It is easy to verify that, if dimH1 < 1 and the
minimizing sequence is bounded, then every limiting point is contained in X�.F /,
where minimum of functional (11.1) is attained.

A similar conclusion can be made based on the analysis of conditions (3.4) and
(3.8) that ensure local convergence of gradient iterations (3.1). It has been already
mentioned that these conditions are virtually equivalent to the regularity of equa-
tion (1.1), and they cannot be fulfilled in case of compact operators F 0.x/ in an in-
finite dimensional space H1, for example. For such operators 0 2 �.F 0�.x/F 0.x//:
Obviously, this inclusion takes place if � D 0 is an eigenvalue of the operator
F 0�.x/F 0.x/. But even if � D 0 is not an eigenvalue, by compactness of F 0.x/,
there is a sequence of eigenvalues that converges to zero. In case of dimH1 < 1,
the second option is no longer a possibility, and the only chance for the gradient it-
erations not to converge locally is when some eigenvalue of F 0�.x/F 0.x/ is zero. To
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exclude that, one has to require 0 … �.F 0�.x/F 0.x//, which can be written in the
form

N.F 0.x// D ¹0º: (11.2)

Relation (11.2) is equivalent to injectivity of the operator F 0.x/ for x 2 H1 under
consideration.

Having that in mind, we approximate original problem (11.1) by a similar prob-
lem of minimizing the discrepancy of equation (1.1) on a finite dimensional sub-
space of the initial spaceH1. In order to make this approximation more practical, we
choose this subspace to be affine, i.e.,

M� D ¹x 2 H1 W x D 	 C y; y 2 M º:
Here M � H1 is a finite dimensional linear subspace of H1, the element 	 2 H1

plays the part of a control parameter. Instead of (11.1), one now has the following
finite dimensional problem

min
x2M�

1

2
kF.x/k2

H2
:

Denote by PM the orthogonal projection operator from the space H1 onto the sub-
space M . It is convenient to rewrite the last problem as

min
y2M

'.y/; '.y/ D 1

2
kF.y C 	 � PM 	/k2

H2
; y 2 M: (11.3)

Let us view the subspace M as a finite dimensional Euclidean space with the scalar
product and the norm of the ambient spaceH1. Various methods of finite dimensional
optimization can be used for solving problem (11.3), [67]. Consider gradient descent
method (3.1) with a constant step size as an example. When applied to (11.3), it takes
the form

y0 2 M; ynC1 D yn � �'0.yn/; n D 0; 1; : : : .� > 0/: (11.4)

The direct differentiation of the functional ' W M ! R gives

' 0.y/ D PMF
0�.y C 	 � PM 	/F.y C 	 � PM 	/; y 2 M: (11.5)

Using (11.5), present iterations (11.4) as follows

ynC1 D yn � �PMF
0�.yn C 	 � PM 	/F.yn C 	 � PM 	/;

n D 0; 1; : : : ; y0 2 M: (11.6)

Set

xn D yn C 	 � PM 	: (11.7)
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According to (11.7), one writes iterations (11.6) as

x0 2 M� ; xnC1 D xn � �PMF
0�.xn/F.xn/; n D 0; 1; : : : ; (11.8)

(compare to (3.1)). One can see from (11.8) that all iterative points xn, n D 1; 2; : : : ;

are contained in the affine subspace M� . Let x� 2 X�.F / be some solution to equa-
tion (1.1). Apparently, the approximations generated by (11.8), being in the set M� ,
cannot converge to the solution x� directly, which, generally speaking, does not be-
long to M� . Below we prove that under certain assumptions the iterative points xn

approximate the projection Nx� of the solution x� onto the subspaceM� , and estimate
the quality of this approximation. It is clear that Nx� admits the representation

Nx� D PMx
� C 	 � PM 	: (11.9)

Let us show that for

"n D kxn � Nx�kH1
;

the estimate, whose form is similar to inequality (3.7), holds. Recall, it is assumed
that the operator F is from the class F .N1; N2/. By (11.8) and the identities

F.xn/ D F. Nx�/C F 0. Nx�/.xn � Nx�/CG. Nx�; xn � Nx�/;
xn � Nx� D PM .xn � Nx�/;

one gets

xnC1 � Nx� D xn � Nx� � �PMF
0�. Nx�/F 0. Nx�/PM .xn � Nx�/

C �PM ŒF
0�. Nx�/ � F 0�.xn/�F

0. Nx�/.xn � Nx�/
� �PMF

0�.xn/F. Nx�/ � �PMF
0�.xn/G. Nx�; xn � Nx�/: (11.10)

Equality (11.10) together with (1.2), (1.3), (1.6), (2.11) imply

kxnC1 � Nx�kH1
� kE1 � �PMF

0�. Nx�/F 0. Nx�/PM kL.M;M/kxn � Nx�kH1

C 3

2
�N1N2kxn � Nx�k2

H1
C �N1kF. Nx�/kH2

: (11.11)

Here it is taken into consideration that kPM kL.H1;H1/ D 1: According to (1.7), the
last term in the right-hand side of (11.11) can be estimated as follows

kF. Nx�/kH2
D kF. Nx�/ � F.x�/kH2

� N1k Nx� � x�kH1
: (11.12)

We point out that k Nx� � x�kH1
is the distance from the solution we are looking for

and the subspace M� . Suppose an upper bound for this distance is available, i.e.,

k Nx� � x�kH1
� 
: (11.13)

The last relation can also be written in the form

k.E1 � PM /.	 � x�/kH1
� 
: (11.14)
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Inequality (11.14) admits the following form

	 � x� D uC w; u 2 M; kwkH1
� 
;

which is the analogue of perturbed source-type conditions (10.16) and (10.26), with
the inclusion

	 � x� 2 M
being the analogue of exact conditions (10.6) and (10.24). The above inclusion shows
that the affine subspace M� passes directly through the solution x�.

Obviously, the problem of finding the element 	, satisfying the inclusion
	 � x� 2 M , is not much simpler than the original equation. Condition (11.14),
on the contrary, means that 	 is contained in an infinite set of a cylindrical structure
with a nonempty interior. One can expect that, in practice, the problem of ‘getting’
inside this set, namely, in a 
-neighborhood of the affine subspace Mx� , can be
solved with the help of some a priori information about x� in such a way that 

turns out to be rather small.

Combining inequalities (11.12) and (11.13), one obtains

kF. Nx�/kH2
� N1
: (11.15)

Let us investigate the first term in the right-hand side of (11.11). The expressions
PMF

0�. Nx�/F 0. Nx�/PM and E1 � �PMF
0�. Nx�/F 0. Nx�/PM are considered here as

operators acting from the subspace M to M . Since dimM < 1, its spectrum
�.PMF

0�. Nx�/F 0. Nx�/PM / consists of a finite number of nonnegative eigenvalues.
By analogy with (11.2), introduce the following a priori assumption

N.F 0. Nx�// \M D ¹0º: (11.16)

One can easily see that in this case

min¹� W � 2 �.PMF
0�. Nx�/F 0. Nx�/PM /º D 
 > 0: (11.17)

Since

kPMF
0�. Nx�/F 0. Nx�/PM kL.M;M/ � N 2

1 ; �.PMF
0�. Nx�/F 0. Nx�/PM / � Œ
;N 2

1 �;

according to formula (5.10), one has

kE1 � �PMF
0�. Nx�/F 0. Nx�/PM kL.M;M/ � max

�2Œ�;N 2
1

�

j1 � ��j: (11.18)

From (11.17) it follows that for any 0 < � < 2=N 2
1 the inequality

max
�2Œ�;N 2

1
�

j1 � ��j D q < 1: (11.19)

holds. Estimates (11.11), (11.15), (11.18), (11.19) yield

"nC1 � q"n C 3

2
�N1N2"

2
n C �N 2

1
; n D 0; 1; : : : : (11.20)
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11.2 Investigation of a difference inequality

Let us illustrate the technique for the analysis of difference inequalities of type
(11.20). Fix an arbitrary Qq 2 .q; 1/ and show that, under certain assumptions, there
exist positive constants l and C such that

"n � l Qqn C C
; n D 0; 1; : : : : (11.21)

Proceeding by induction, assume that inequality (11.21) is satisfied for n D 0, i.e.,

kx0 � Nx�kH1
� l C C
: (11.22)

The necessary conditions on constants l and C are specified below. Let inequality
(11.21) hold for some number n � 0. Substituting estimate (11.21) into (11.20) and
using (6.30), one gets

"nC1 � lq Qqn C 3�N1N2.l
2 Qq2n C C 2
2/C �N 2

1
C qC
:

In order to execute the induction step successfully, it is sufficient to ensure that the
right-hand side of the above inequality does not exceed l QqnC1 CC
. Evidently, this
property is fulfilled if the following assumptions are satisfied

lq Qqn C 3�N1N2l
2 Qq2n � l QqnC1; 3�N1N2C

2
2 C �N 2
1
 � .1 � q/C
:

(11.23)

By direct calculations one can verify that the first inequality in (11.23) holds when
the constant l is chosen from the condition

0 < l � Qq � q
3N1N2�

: (11.24)

In turn, the second condition in (11.23) is automatically fulfilled if

3�N1N2C
2
 � 1 � q

2
C; �N 2

1 � 1 � q
2

C: (11.25)

Inequality (11.25) takes place if C satisfies the condition

C � 2�N 2
1

1 � q ; (11.26)

and, besides,


 � 1 � q
6�N1N2C

: (11.27)

Summarizing the above, one concludes that under assumptions (11.22) and (11.27)
with constants l , C , chosen according to (11.24) and (11.26), one has

"nC1 � l QqnC1 C C
;
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and, as the result, estimate (11.21) holds. From (11.21) one obtains

lim sup
n!1

kxn � Nx�kH1
D lim sup

n!1
"n � C
:

Together with (11.13) this implies

lim sup
n!1

kxn � x�kH1
� .C C 1/
: (11.28)

Based on (11.13) and (11.22), one verifies that condition F 2 F .N1; N2/ can be
replaced by requirement (1.20) with R � l C .C C 1/
:

Let us discuss the above result briefly. As it follows from (11.28), the nature of
iterations (11.8) is essentially different as compared to processes considered before
in case of noise in the data or perturbations in the source-type condition. It is for
the sake of getting a reasonable approximation, one has to stop those processes at
a certain step with the number of this step being a function of the corresponding
errors. Unlike these methods, iterations xn, generated by algorithm (11.8), stabilize
as n ! 1 in a neighborhood B.x�; .CC1/
/ of the solution x�. Therefore method
(11.8) does not require a stopping rule.

Comparing (11.27) and (11.28), one can see that estimate (11.28) is most use-
ful when the value of 
 turns out to be considerably less than the acceptable upper
bound .1 � q/=.6�N1N2C/. From practical point of view, this means that a rather
high quality of the approximation of the solution x� by a finite dimensional affine
subspace M� is required. Our experience, gained from prior use of this method for
solving applied problems, indicates that the desired quality of the approximation is
usually attained when the solution x� is sufficiently smooth. In this case, frequently
one can manage subspaces M of a small dimension as well as the simplest choice
of 	, 	 D 0. The possibility to choose 	 D 0 illustrates that the original linear sub-
space M already approximates the element x� rather accurately, and no additional
shift of this subspace is required.

An important part in the above argument is played by condition (11.16). Let us
highlight one simple case when this condition is satisfied automatically. This is the
case of equation (1.1) with the operator F 0. Qx/ being injective on some large set of
elements Qx 2 H1. For such an operator, the realization of (11.16) is formally ensured
if one assumes a priori that the element Nx� belongs to this set. We point out that
injectivity of the derivative operator is fairly common for inverse problems in partial
differential equations.

11.3 The case of noisy data

Let us briefly discuss the case when equation (1.1) is given with some error. The
above results can easily be carried over the equation

F.x/ D f; x 2 H1 .f 2 H2/ (11.29)
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with the operator F 2 F .N1; N2/. For this equation, process (11.8) takes the form

x0 2 M� ; xnC1 D xn � �PMF
0�.xn/.F.xn/ � f /; n D 0; 1; : : : : (11.30)

Suppose now that the exact right-hand side f of equation (11.29) is unknown and,
instead, its approximation Qf 2 H2, such that

k Qf � f kH2
� ı; (11.31)

is available. Then process (11.30) is to be replaced with the iterations

x0 2 M� ; xnC1 D xn � �PMF
0�.xn/.F.xn/ � Qf /; n D 0; 1; : : : : (11.32)

Keeping all the assumptions made above, instead of (11.11), one gets the estimate

kxnC1 � Nx�kH1
� kE1 � �PMF

0�. Nx�/F 0. Nx�/PM kL.M;M/kxn � Nx�kH1

C 3

2
�N1N2kxn � Nx�k2

H1
C �N1kF. Nx�/ � Qf kH2

: (11.33)

Using (11.31), one can estimate the last term in (11.33) by �N1.N1
C ı/. Thus, in
place of (11.20), one obtains the following resulting inequality

"nC1 � q"n C 3

2
�N1N2"

2
n C �N1.N1
C ı/; n D 0; 1; : : : :

Applying, with some obvious changes, our previous argument, one concludes that,
under the condition on 
 and ı analogous to (11.27) and under the condition

"0 D kx0 � Nx�kH1
� l C C.
C ı/

with constants l , C satisfying the assumptions similar to (11.24), (11.26), the esti-
mate

"n D kxn � Nx�kH1
� l Qqn C C.
C ı/; n D 1; 2; : : : ; . Qq 2 .q; 1//

holds. From this estimate one derives

lim sup
n!1

kxn � x�kH1
� C.
C ı/C
: (11.34)

Inequality (11.34) admits the same interpretation as (11.28). Both results emphasize
the stable nature of the corresponding iterations as n ! 1 with respect to noise in
the input data, as well as with respect to 
, which characterizes the quality of the
approximation of the solution x� by the subspace M� . In particular, according to
(11.34), the ball B.x�; C.
 C ı/ C 
/ is an attracting set for the iterative points,
generated by process (11.32).

In the above discussion, we draw our attention to the existence of the attracting
sets (attractors) in the form of the balls of radius proportional to the errors ı and 
,
centered at the solution, for processes (11.8) and (11.32). A more detailed analysis of
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asymptotic behavior of these processes indicates that, under nonrestrictive additional
assumptions, the above processes converge in the norm of H1 to the certain points
from the corresponding balls. The proof of this fact is based on the strong convexity
of the functional ' (see (11.3)) in some neighborhood of the point PMx

�, and on the
existence of the point of local minimum of ' in this neighborhood. As it is known,
for strongly convex functions the method of gradient descent converges to the point
of local minimum at a linear rate, [67].

In this chapter the gradient descent method with a constant step size is used for
solving problem (11.3). Keeping in mind the property of the local strong convexity
of ', one can replace the gradient method with any other method of finite dimen-
sional minimization that works effectively when applied to problems of minimiza-
tion of strongly convex functionals. There are corresponding analogues of the above
results for all such methods, for example, the steepest descent method, different ver-
sions of conjugate gradients methods, as well as Newton’s method.

Problems

11.1. Verify identity (11.5).

11.2. Prove that projection Nx� of the point x� onto the affine subspaceM� is defined
by formula (11.9).

11.3. Derive analogues of conditions (11.24), (11.26) and (11.27) for iterations
(11.32).

11.4. Find the second derivative of the functional ' and write Newton’s method for
problem (11.3).
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Relative computational efficiency of iteratively
regularized methods

12.1 Generalized Gauss–Newton methods

The unified approach to the construction of iteratively regularized procedures offers
a large variety of methods appropriate for a specific irregular problem. Under the
same a priori assumptions many of these methods have the same asymptotic accu-
racy for a given initial data. Therefore we have to select one or another among meth-
ods having the same asymptotic accuracy. It seems reasonable to base our choice on
the amount of computational work required for the use of a particular method. The
amount of this work is, in fact, asymptotically different for various algorithms. Be-
low we present estimates for the number of operations needed to implement two most
used generalized Gauss–Newton methods (10.38). The first one is iteratively regu-
larized Gauss–Newton method (10.3). For this method,‚.�; ˛/ D 1

�C˛
. The second

method is constructed by using‚.�; ˛/ D �
P1=˛

kD0
.1���/k , whereM.n/ D 1=˛n

is a positive integer. The resulting iterations take the form

xnC1 D 	 �
°
�

M.n/X
kD0

.I � �F 0�.xn/F
0.xn//

k
±
F 0�.xn/¹F.xn/ � F 0.xn/.xn � 	/º:

(12.1)

� is any real number from the interval .0; 2=N 2
1 /. Under the source condition

	 � x� 2 .F 0�.x�/F 0.x�//1=2S; (12.2)

processes (10.3) and (12.1) converge to x� and, for both processes, the identity

kxn � x�kH1
D O.

p
˛n/ (12.3)

is fulfilled [13]. In practice, operators F and F 0 can only be known approximately,
therefore we assume that F is given by its ı-approximation Fı ; Fı is also acting
from H1 to H2, it satisfies conditions (1.2) and (1.3), and

kFı.x
�/kH2

� ı;

kF 0
ı.x/ � F 0.x/kH2

� ı; x 2 �.x�/: (12.4)



12.1 Generalized Gauss–Newton methods 99

Suppose that one has to find the values of m1 functions with m unknowns in or-
der to compute Fı , while the computation of F 0

ı
results in finding m1m functions

with m unknowns. Suppose also that it takes O.�.m// arithmetic operations to cal-
culate one value of any m-variable function. Under these assumptions, it requires
m1O.�.m// and m1mO.�.m// arithmetic operations to compute Fı and F 0

ı
re-

spectively. To simplify our future presentation we set m1 D m. As it follows from
the general convergence theory, iterations (10.38) must be terminated when the reg-
ularization parameter ˛n reaches its critical value that depends on the noise level ı in
(12.4). The corresponding value of n D n.ı/ is called a stopping rule. In particular,
if the stopping rule for process (10.3) satisfies the condition

˛n D ı; (12.5)

or, more precisely, n D n.ı/ is the integer nearest to the root of (12.5), then

kxn.ı/ � x�kH1
D O.

p
ı/: (12.6)

The same holds for process (12.1), if one assumes that ˛n D 1=M.n/.
Let us now determine the number of arithmetic operations (AO) needed to im-

plement algorithms (10.3) and (12.1) numerically. It is possible that the number of
AO at every step of (10.3) depends on n, but, as it follows from our assumptions,
this does not affect the order of the number of operations. Therefore we neglect this
dependence. Denote the number of AO required to calculate Fı.xn/ and F 0

ı
.xn/ by

�1.m/. The above argument yields �1.m/ D m2O.�.m//: For each value of n one
has to find

F 0�
ı .xn/¹Fı.xn/ � F 0

ı.xn/.xn � 	/º: (12.7)

This computation requires �2.m/ AO, and, since it is reduced to the multiplication
of an m � m matrix by an m � 1 vector, �2.m/ D O.m2/. In order to complete the
step, it is necessary to calculate the matrix F 0�

ı
.xn/F

0
ı
.xn/ and to invert the matrix

F 0�
ı
.xn/F

0
ı
.xn/C ˛nI (or to solve the corresponding linear system). The computa-

tion of F 0�
ı
.xn/F

0
ı
.xn/ results in �3.m/ AO with �3.m/ being equal to O.m3/. The

matrix inversion (or solving the corresponding system of linear equations) requires
�4.m/ AO. For commonly used methods, �4.m/ D O.m3/.

Thus, the total number of AO to be performed at every step of process (10.3)
is
P4

iD1 �i .m/, and n
P4

iD1 �i .m/ AO are needed for n steps of this method. As
opposed to (10.3), the number of AO required for one step of process (12.1) largely
depends on n. In fact, one component of this number, �1 C �2, is independent of n,
while the other component, �.m; n/, depends on both parameters. In this component,
the AO needed to compute the operator-valued polynomial in the right-hand side
of (12.1) are taken into consideration. The direct analysis of the right-hand side and
our assumptions on the structure of the approximate operators result in the following
estimate

�.m; n/ D M.n/O.m2/:
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Note, that in case of (12.1) one does not have to form the linear operator
F 0�

ı
.xn/F

0
ı
.xn/, since inner iterations can be reduced to matrix-vector multiplica-

tions only. The total number of AO needed to execute n steps of process (12.1) is

n.�1 C �2/C
nX

iD1

�.m; i/:

Clearly, the estimates for the number of AO required to implement methods (10.3)
and (12.1) have the term n.�1 C �2/ in common, which can, therefore, be neglected
upon comparative analysis. The remaining terms of the estimates have the following
asymptotic behavior

n.�3 C �4/ D nO.m3/ for method (10.3) and
nX

iD1

M.i/O.m2/ for method (12.1).

Let

M.i/ D 2i : (12.8)

Under this assumption, it follows from (12.5) that n.ı/ � ln.1=ı/ and
Pn.ı/

iD1 M.i/ �
O.1=ı/, and the comparable parts of the estimates are of order ln.1=ı/O.m3/ and
.1=ı/O.m2/ for methods (10.3) and (12.1) respectively. Hence, method (12.1) is
preferable to iteratively regularized Gauss–Newton method (10.3) only if

m 	 1=.j ln ıjı/: (12.9)

For example, if ı D 10�4, then the advantage of method (12.1) (as compared to
(10.3)) may become evident when m is much larger than 1000. For smaller values
of m, process (12.1) can still be superior to process (10.3) if a priori conditions on
	 � x� are more restrictive than (12.2).

12.2 A more restrictive source condition

It is shown in [13], that under a priori condition

	 � x� 2 .F 0�.x�/F 0.x�//kS; k � 1; (12.10)

the best stopping rule n D n.ı/ for method (10.3), regardless of k, is the one that
satisfies the identity ˛n � ı2=3. In particular, if ˛n D 2�n, then n.ı/ � ln.1=ı/ and

kxn.ı/ � x�kH1
D O.ı2=3/: (12.11)

On the other hand, the convergence rate of method (12.1) improves as the exponent k
gets bigger. The optimal stopping rule for ˛n D 2�n is n.ı/ � .1=k/ ln.1=ı/, and

kxn.ı/ � x�kH1
D O.ı

2k
2kC1 /: (12.12)
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Suppose condition (12.10) is fulfilled, and the best stopping rules for processes (10.3)
and (12.1) are used. Let us compute the asymptotic numbers of AO for the two pro-
cesses. Denote these numbers L1 and L2 respectively. The argument is similar to the
one applied in case of condition (12.2). One has

L1 D ln.1=ı/O.m2�.m// D n.ı/

4X
iD1

�i .m/; (12.13)

and

L2 D n.ı/.�1 C �2/C
n.ı/X
iD1

�.m; i/ D 1

k
ln.1=ı/.�1 C �2/C 1

ı1=k
O.m2/

D 1

k
ln.1=ı/O.m2�.m//C 1

ı1=k
O.m2/: (12.14)

One can see from (12.13) and (12.14) that L1 does not depend on the exponent k in
(12.10), while L2 is a decreasing function of k. Thus, for any value of m, under the
reasonable assumption

m=�.m/ D O.1/; (12.15)

method (12.1) is preferable to method (10.3) in terms of AO.

12.3 Comparison to iteratively regularized gradient scheme

In this section we calculate the number of AO needed for the implementation of
iteratively regularized gradient scheme (9.5). This method has an attractively simple
structure. The iterations are performed by the following rule

xnC1 D xn � �n¹F 0�.xn/F.xn/C ˛n.xn � 	/º; �n; ˛n > 0: (12.16)

The reader may consult [13, 15] for the convergence analysis of (12.16) in case
of a general smooth operator F . The sequence ¹�nº in (12.16) depends on N1 and
N2. For further inferences, the values of �n are irrelevant. Under a priori condi-
tion (12.2) and stopping criteria (12.5), identity (12.6) holds as well. Unfortunately,
in case of (12.16) one cannot manipulate the sequence ˛n like in processes (10.3)
and (12.1). In particular, one cannot use ˛n D 2�n. Relationship (12.6) is guar-
anteed only if ˛n is decreasing “slowly” [13]. Presently known results ensure that
(12.6) is satisfied when ˛n is decreasing not faster than 1=

p
n. If we set ˛n D 1=

p
n

and choose the stopping rule according to (12.5), then n.ı/ � 1=ı2. Since at every
step the number of AO is �1 C �2 D O.m2�.m//,

L3 D 1

ı2
O.m2�.m// (12.17)
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AO are required for the necessary number of iterations (12.16). Comparing processes
(10.3), (12.1) and (12.16) one can see that, at least for ı 
 1, implicit methods (10.3)
and (12.1) are superior to explicit method (12.16).

Thus, under the least restrictive a priori assumptions (12.2) and for sufficiently
small m and ı, process (10.3), which is seemingly the most difficult, turns out to be
the most efficient in terms of accuracy and asymptotic number of AO.

Problems

12.1. Find the exact number arithmetic operations required to multiply two m � m

matrices.

12.2. Show that the total number of multiplications and divisions required to solve
a nonsingular system of m linear equations with m unknowns by LU factorization
is m3

3
Cm2 � m

3
� m3

3
[8].

12.3. Show that the total number of additions and subtractions required to solve
a nonsingular system of m linear equations with m unknowns by LU factorization
is m.m�1/.2mC5/

6
� m3

3
[8].

12.4. Suppose the determinants in Cramer’s rule for solvingm�m nonsingular linear
system are computed using expansion by minors. Prove that the number of multipli-
cations and divisions required to implement Cramer’s rule is .mC 1/Š [8]. How does
it compare to LU factorization if m D 10?

12.5. Verify that the number of multiplications and divisions required to evaluate
A�1 is 4m3

3
� m

3
� 4m3

3
[8], which shows that calculating A�1 is only four times

the expense of solving Ax D b for a single vector b, not m times the expense as one
might intuitively assume.
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Numerical investigation of two-dimensional inverse
gravimetry problem

13.1 Problem formulation

To test the numerical efficiency of iteratively regularized gradient method (9.5) pre-
sented in Chapter 9, the two-dimensional inverse gravimetry problem was consid-
ered. It was assumed that the lower half-space is formed by two media with con-
stant densities separated by a surface x D x.&; �/ [2]. The gravitational anomaly,
f D f .t; s/, is caused by the deviation of the above surface from the horizon-
tal plane x.&; �/ D h. It is well known that under the above assumptions in the
Descartes coordinate system the inverse gravimetry problem can be reduced to the
2D nonlinear integral equation of the first kind:

F.x/ WD g
�

Z b

a

Z d

c

²
1

Œ .& � t /2 C .� � s/2 C x2.&; �/ �1=2

� 1

Œ .& � t /2 C .� � s/2 C h2 �1=2

³
d& d� D fı.t; s/;

(13.1)

and it consists of finding the unknown function x D x.&; �/, which describes the
interface, from the measured data fı D fı.t; s/. Here g is the gravitational constant
and 
� is the density jump on the interface.

Take H1 D H 1.�/ and H2 D L2.�/, where � D Œa; b� � Œc; d � and H 1.�/ D
W 1;2.�/ with W k;p.�/ being defined as the subset of Lp such that a function '
and its derivatives up to some order k have a finite Lp norm, for given p � 1. If one
denotes the kernel of the nonlinear operator F.x/ by K.t; s; &; �; x.&; �//:

K.t; s; &; �; x.&; �// WD
²

1

Œ .& � t /2 C .� � s/2 C x2.&; �/ �1=2

� 1

Œ .& � t /2 C .� � s/2 C h2 �1=2

³
; (13.2)
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then the Fréchet derivative of F.x/ is given by

F 0.x/y D g
�

Z
�

Z
K 0

x.t; s; &; �; x.&; �//y.&; �/ d& d�; (13.3)

where

K0
x.t; s; &; �; x.&; �// D � x.&; �/

Œ .& � t /2 C .� � s/2 C x2.&; �/ �3=2
: (13.4)

To evaluate the corresponding adjoint operator, one needs to solve an auxiliary
integro-differential equation. Hence direct numerical realization of the iteratively
regularized gradient method is very complicated in our case. It was shown in [10]
that one can find an approximate solution to (13.1) by replacing the integral in (13.1)
with a quadrature formula. Thus from now on, we consider a finite-dimensional ana-
logue of equation (13.1), and construct iterations (13.6) in a suitable Euclidean space.
In a Euclidean space the corresponding adjoint operator F 0�.x/ is a discrete analogue
of the following linear integral operator

Az WD g
�

Z
�

Z
K 0

x.t; s; &; �; x.&; �//z.t; s/ dt ds: (13.5)

13.2 The algorithm

For equation (13.1) and 	 D x0, iteratively regularized gradient method (9.5) takes
the following form

x0 2 H1; xnC1 D xn � �n¹F 0�.xn/.F.xn/ � fı/C ˛n.xn � x0/º: (13.6)

Here �n is an a priori prescribed step size, and ˛n is a regularization parameter at the
nth iteration.

Suppose fı approximates the exact data f with the accuracy ı, i.e.,

kfı � f kH2
� ı: (13.7)

In the case when ı > 0, the sequence ¹xnº generated by iteratively regularized pro-
cess (13.6) does not usually converge to a solution Ox of (13.1). It does, however, allow
a stable approximation to Ox if iterations are stopped at an appropriate step n D N.ı/

such that limı!0 kxN.ı/ � Oxk D 0: For the experiment below, the stopping num-
ber n D N.ı/ was chosen by a generalized discrepancy principle, i.e., iterations
(13.6) were stopped at the first index N , for which the residual kF.xN /�fık is less
than

p
�ı, � > 1:

kF.xN / � fık <
p
�ı � kF.xn/ � fık; 0 � n < N; � > 1: (13.8)

We refer to [15] for a rigorous convergence analysis of algorithm (13.6)–(13.8).
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13.3 Simulations

The numerical experiments presented in this chapter were performed by the au-
thors in collaboration with M. A. Skinner, who, at the time, was a graduate stu-
dent at the Department of Mathematics and Statistics, Georgia State University.
The programming was done in Matlab 6.5.1 on a Pentium IV desktop computer.
Discretization was implemented by taking an evenly spaced grid over the domain
� D Œ2:8; 20:0� � Œ0:0; 8:0� (km2) with 43 � 21 node points, respectively. This res-
olution gave the corresponding mesh width of w D 0:4(km) in both directions.
The two-dimensional analogue of the midpoint quadrature rule was used to ap-
proximate the integral operator in (3.1). The ground surface height was taken to be
h D 2:0(km). The gravitational anomaly was calculated by solving the direct prob-
lem with x D xmod.&; �/, and the identity was rescaled by dropping the constants g
and
� from the original formula. The constant horizontal plane x0.&; �/ D 0:1(km)
was taken as the initial guess for all the simulations below.

In order to select the regularization parameter ˛n, the step size parameter �n,
and the discrepancy parameter � , the following representative, asymmetric model
solution, obtained by translating and scaling Gaussian distributions, was considered

Fig. 13.1.



106 13 Two-dimensional inverse gravimetry problem

(see ‘Built-in Peaks Surface Function’ in Matlab manual):

x
.1/
mod. Q&; Q�/ D 1

14

°
3.1 � Q&/2e�Q&2�.Q�C1/2

�10
�
1

5
Q& � Q&3 � Q�5

�
e�Q&2�Q�2 � 1

3
e�.Q&C1/2�Q�2

³
C 1; (13.9)

where

Q& D 6
� & � c
d � c

�
� 3; and Q� D 6

�� � a
b � a

�
� 3

are appropriate domain transformations. For the above model solution the sequence
�n was numerically determined so as to give the most aggressive convergence rate
for the experiments conducted in a noise-free case and in the presence of noise at the
level from 2% to 6%. The best convergence rate was obtained for �n D �0 D 0:015.
The regularization parameter sequence ˛n D ˛0.1C n/�0:25 with ˛0 D 0:001 was
chosen to ensure the best stability in the presence of noise. For the noise-free case
there was no apparent need for regularization (we could use ˛n D 0). An attractive
feature of scheme (13.6) is that it is not very sensitive to the values of parameters
¹�nº and ¹˛nº. For the relative noise 6% we were able to take ˛0 from the interval
Œ 10�6; 10�2 � and ˛n D ˛0

.1Cn/p with 0 < p � 1. One can see that for our particular
problem the interval for p is bigger than the interval guaranteed by the convergence
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Fig. 13.2.
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theorem. As for the choice of �n, if one takes �n D �0 then one can use any �0 2
Œ 0:005; 0:03 �. The sequence �n D �0

.1Cn/q ; 0 < q � 1 and �0 2 Œ 0:005; 0:03 �; also
works. For q > 1 convergence becomes rather slow.

The following algorithm was used to determine � . Iterations (13.6) were per-
formed with random noise functions added to the right-hand side of equation (13.1).
The relative discrepancy:


ı WD kF.xmod/ � fık
kF.xmod/k (13.10)

ranged from 0:02 to 0:2. All together 10 different noise functions were investigated
with 
ı.k/ D 0:02k, k D 1; 2; : : : ; 10: For every noise function, iterative process
(13.6) was stopped at the first number n D n.k/ such that

kxn � xmodk
kxmodk >

kxn�1 � xmodk
kxmodk

and � D �.k/ was calculated from the identity

kF.xn/ � fık2 D �ı:

Fig. 13.3.
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It was discovered that for k D 1; 2; : : : ; 10, �.k/ 2 Œ8:02; 11:46�. As the result, the
value � D 11:46 was taken to reconstruct two other model solutions

x
.2/
mod. Q&; Q�/ D sin.j Q& j � jQ�j/=3C 1; Q& D 10

� & � c
d � c

�
� 5; Q� D 10

�� � a
b � a

�
� 5

and

x
.3/
mod. Q&; Q�/ D exp.�Q&2 � Q�2/C 0:5; Q& D 3

� & � c
d � c

�
� 1:5; Q� D 3

�� � a
b � a

�
� 1:5

using method (13.6) and a posteriori stopping rule (13.8) (with parameters �n D
0:015 and ˛n D 0:001.1C n/�0:25/.

In Figure 13.1, one can see the graph of x.2/
mod.t; s/, .t; s/ 2 �; as well as the

graphs of approximate solutions for the noise-free case, for the case when 
ı WD
0:02 and 
ı WD 0:05 (see formula (13.10)). The cross-sectional comparison for
s D 10 is presented in Figure 13.2. The same results for x.3/

mod.t; s/ are illustrated in
Figures 13.3 and 13.4, respectively. The number of iterations in the noise-free case
for both model solutions was 50. When the relative level of noise was 2% and the
experiment was conducted with x.3/

mod.t; s/, the iterations were stopped by generalized
discrepancy principle (13.8) at n D 31. When the level of noise was 6%, for the same
model solution, the iterations were stopped at n D 21.

0 1 2 3 4 5 6 7 8
0

0.5

1

1.5

s = 10.00

 Cross−Sectional Comparison

exact solution
noise−free reconstr
3% noise
6% noise
initial guess

Fig. 13.4.



13.3 Simulations 109

Problems

13.1. Consider 1D inverse gravimetry problem [77] described by the following non-
linear operator equation

F.x/ WD 


4�

Z l

�l

K.t; s; x.s//ds D f .t/; (13.11)

where

K.t; s; x.s// D ln
.t � s/2 C h2

.t � s/2 C .h � x.s//2 : (13.12)

It is assumed here that the sources of a gravitational field with a constant density 

are distributed in the domain

D D ¹�l � t � l; �h � z � �hC x.s/º;
where x.s/ is an interface between two media (with and without the sources), f .t/ is
the gravity strength anomaly, l and h are parameters of the domain. The operator F
acts between the pair of Hilbert spaces H1 D H 1Œ�l; l � and H2 D L2Œ�l; l �: Cal-
culate the Fréchet derivative F 0.x/ of the operator F .

13.2. Solve 1D forward gravimetry problem, i.e., determine the function f .t/ for the
model solution xmod.s/ D .1� s2/2 by calculating the integral in the left-hand side
of (13.11) with a quadrature formula. Take l D 1; h D 2; 
 D 1.

13.3. Now given the function f .t/ computed in the previous exercise, solve 1D in-
verse gravimetry problem, that is, reconstruct xmod.s/ numerically using iterative
method (13.6). Replacef .t/with its ı-approximationfı.t/, such that kfı �f kH2

� ı,
by adding random noise to the function f .t/. Reconstruct xmod.s/ numerically us-
ing algorithm (13.6)–(13.8). Take the relative level of noise to be 5%, and the initial
approximation x0.s/ D 1.

13.4. Repeat Exercise 13.3 applying iteratively regularized Gauss–Newton (IRGN)
method

xnC1 D 	 � .F 0�.xn/F
0.xn/C ˛nE1/

�1F 0�.xn/ŒF .xn/ � fı � F 0.xn/.xn � 	/�;
investigated in Chapter 10, in place of iteratively regularized gradient scheme (13.6).

13.5. Consider the inverse scattering problem of determining the shape of an ob-
stacle from far-field scattering data [79]. Under the assumption that the scattering
region � is starlike about the origin, i.e., the boundary of � can be parameterized
by a continuous polar curve R.�/, 0 � � < 2� , the problem can be reduced to the
nonlinear integral equation of the first kind:

d. / D
Z 2


0

g.�;  ;R.�// d�: (13.13)



110 13 Two-dimensional inverse gravimetry problem

The kernel g is the following expression

g.�;  ; r/ WD Œexp.bR/.bR � 1/C 1�=b2; b WD �2ik0 cos. � �/: (13.14)

The angle  gives the direction of the incident field with respect to the positive
x-axis, and k0 is the wavenumber for the wavefield in the host medium.

Calculate the scattering data by solving the direct problem with a peanut-shape
curve [79]

R D Rexact.�/ D
�

cos2
�
� � �

4

�
C 0:25 sin2

�
� � �

4

��1=2

; (13.15)

0 � � � 2� . Graph the real and imaginary parts of the computed scattering data
d. / for incident angle  between 0 and 2�=3.

13.6. Define the nonlinear operator F W Rk ! Cl by

.F.R//m WD
kX

j D1

�jg.�j ;  m; Rj / � dm; m D 1; : : : ; l; (13.16)

where �j are the coefficients of a quadrature formula, d D Œd1; : : : ; dl �
T is the

vector of scattering data points, and R D ŒR1; : : : ; Rk � is an approximate solution.
The Fréchet derivative (Jacobian) of this operator is the l � k matrix F 0.R/ with
entries

.F 0.R//mj WD �j @g=@R.�j ;  m; Rj /; m D 1; : : : ; l; j D 1; : : : ; k: (13.17)

Given the scattering data obtained in Exercise 13.5, solve the inverse problem nu-
merically (i.e., reconstruct the discrete analogue of Rexact.�/) by IRGN algorithm

RnC1 D 	 � .F 0�.Rn/F
0.Rn/C ˛nE1/

�1F 0�.Rn/ŒF .Rn/� d � F 0.Rn/.Rn � 	/�;
Use R0.�/ D 1 as the initial guess. Graph both exact and approximate solutions in
the same polar coordinate system.

13.7. Perform numerical simulations described in this chapter for 2D inverse mag-
netometery problem [2]

F.x/ WD 
J

Z b

a

Z d

c

²
x.&; �/

Œ .& � t /2 C .� � s/2 C x2.&; �/ �3=2

� h

Œ .& � t /2 C .� � s/2 C h2 �3=2

³
d& d� D yı.t; s/:

(13.18)

It consists of finding the unknown function x D x.&; �/, which describes the inter-
face, from the measured anomalous magnetic field yı.t; s/. In (13.18), 
J is the
averaged jump of the vertical component of the magnetization vector.
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Iteratively regularized methods for inverse problem
in optical tomography

14.1 Statement of the problem

In this section the numerical efficiency of iteratively regularized methods is illus-
trated by simulations for a two dimensional version of the ill-posed optical tomogra-
phy inverse problem. In optical imaging, low-energy visible light (wavelength from
700 to 1200 nm) is used to illuminate the biological tissue. The illumination of the
tissue can be modeled as a photon transport phenomenon. The process is described
by the most widely applied equation in optical imaging, the radiative transfer or
transport equation (RTE) [7]. A low order Diffusion Approximation (DA) to the RTE

1

c

@u

@t
.x; t / � r �D.x/ru.x; t /C �a.x/u.x; t / D f .x; t / (14.1)

together with initial condition,

u.x; 0/ D 0 in � 2 Rn .n D 1; 2 or 3/ (14.2)

and the boundary condition,

u.x; t /C 2D.x/
@u

@�
.x; t / D 0; x 2 @�; (14.3)

has been derived and studied in the last several years, [7]. Here x is the spatial vari-
able on the domain �, � is the normal direction from the boundary and f represents
the forcing function, or source. The two parameters, the coefficient of diffusion D
and the coefficient of absorption �a, characterize the internal optical properties of
the media.

In the time independent case the diffusion approximation can be written as fol-
lows

�r �D.x/ru.x/C �a.x/u.x/ D f .x/: (14.4)
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The associated boundary condition is

u.x/C 2D.x/
@u

@�
.x/ D 0; x 2 @�: (14.5)

The forward problem can be defined as: given sources f D fj , j D 1; 2; : : : ; ns

in � and q in Q, a vector of model parameters (the coefficient of diffusion D and
the coefficient of absorption �a, i.e., q D .D;�a/

T ), find the data u on @�. The
inverse problem is: given sources fj in � and data u on @�, find q in Q.

This DA has been widely used to calculate photon migration in biological tis-
sues [38], and the existing computational methods for the inverse problem are almost
exclusively based on the DA [24].

In general, measurement of u.q/ may not be possible, only some observable part
Cu.q/ of the actual state u.q/may be measured. In this abstract setting, the objective
of the inverse parameter estimation problem is to choose a parameter q� in Q, that
minimizes an error criterion or cost functional ˆ.u.q/;Cu.q/;q/ over all possible q
in Q subject to u.q/ satisfying the diffusion approximation. A typical observation
operator is

Cu.q/ D
²

�D@u
@�
.xi I q; fj /

³
iD1;nm; j D1;ns

D
²
1

2
u.xi I q; fj /

³
iD1;nm; j D1;ns

; (14.6)

where xi is in @�, nm is the number of measurements, ns is the number of sources,
and the second equality comes from boundary condition (14.5). Thus we get the
following nonlinear least square problem

min
q
J.q/ D min

q

msX
j D1

mX
iD1

ˇ̌
Ciju.q/ � zij

ˇ̌2 D min
q

kU.q/ � zık2: (14.7)

Here zij is the measured data at the boundary for a given source fj , and kzı �zk � ı;

ı > 0 is the accuracy of measurements.

14.2 Simple example

In what follows, we illustrate the theoretical concepts with a simple example in one
dimension [49]. Let � D Œ0; L�, the diffusion approximation with constant back-
ground is the Sturm–Liouville equation:

�u00 C q2u D f

D
(14.8)

where q2 D �a=D is constant, with the Rubin boundary condition:

u.0/ � 2Du0.0/ D 0

u.L/C 2Du0.L/ D 0: (14.9)
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The inverse problem is to estimate the scalar q from the data z measured at x D 0 or
x D L.

For example, Green’s function (solution for a delta distribution source f .x/ D
ı.x � xs/ where xs is the location of the source) for problem (14.8)–(14.9) can be
computed analytically and the solution for x < xs is:

u.x; xsI q/ D .eqxs � �e�qxs /.eqx � ˇe�qx/

2qD.ˇ � �/ (14.10)

where

� D e2Lq

ˇ

ˇ D 1 � 2Dq
1C 2Dq

:

If we measure �Dru � � at x1 D 0, then the inverse problem is to estimate q from
the parameter to output map given by the formula

U.q/ D Cu.x1; xs I q/

D �D@u
@�
.0; xs I q/

D .eqxs � �e�qxs /.1C ˇ/

2.ˇ � �/ ; (14.11)

which is a nonlinear function of the parameter q as discussed. In Figure 14.1, we plot
the Tikhonov functional

J�.q/ WD jU.q/ � z1j2 C �jqj2

for the 1D diffusion approximation with Rubin boundary conditions for a homoge-
neous background medium with �a D 0:012 mm�1 and D D 0:33 mm.

This is the simulation of the 1D diffusion approximation on the interval .0; 43:0/
with q D p

�a=D. We computed the cost functional J�.q/ for q� D 0:1907 mm�1

(corresponding to z1 D U.q�/, x1 D 0, �a D 0:012 mm�1, and D D 0:33 mm)
over a range of q starting from 0:14 to 0:4. The solid curve represents J� without
regularization (� D 0) and the broken curve represents J� with regularization pa-
rameter � D 10�5. From Figure 14.1, it is clear that without regularization .� D 0/

the functional J� is rather insensitive to the parameter q D p
�a=D (i.e. the numer-

ical method starting with an overestimate of the true parameter is bound to fail). But
with regularization .� D 10�5/, J� is convex. We note here that the regularization
has changed the problem so that we are solving for a minimum q� that is no longer
the same as q�, the solution to our original problem.

This simple example for a constant background illustrates the complexity of
a nonlinear ill-posed inverse problem. In the rest of the chapter we investigate further
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Fig. 14.1. Parameter estimation and regularization.

the two-dimensional inverse problem in general with spatially varying parametersD
and �a.

14.3 Forward simulation

Solving the forward problem amounts to solving a PDE. The general analytic method
for solving PDEs containing a delta distribution source is the Green’s function
method. However for complex geometries, the analytic solution is intractable. There-
fore one requires numerical solutions. The finite element method (FEM) is more
versatile than other methods including the finite difference method because of its
ease in complex geometries and modeling boundary effects. The FEM is a varia-
tional method used to approximate the solution by a family of finite dimensional
basis functions. Then the forward problem is reduced to one of linear algebra. Here
we illustrate the use of the FEM for solving 2D time-independent forward problem
following our joint paper with N. Tuncer (see [17]).

The diffusion approximation of RTE is an elliptic partial differential equation
with Robin boundary conditions [26, 20, 21]. The weak formulation of forward prob-
lem (14.4)–(14.5) is to find u 2 H 1.�/ such that for any v 2 H1.�/Z

�

rv �Drud& d� C
Z

�

v�aud& d� C 1

2

Z
@�

vu ds D
Z

�

vf d& d�: (14.12)

Galerkin approximation to the solution of the above weak problem (14.12) is sim-
ply based on constructing the discrete analogue of (14.12) on a finite dimensional
subspace of H 1.�/ [26, 21].
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Fig. 14.2. The boundary and its linear approximation.

We define a finite dimensional subspace of H 1.�/, by first partitioning the do-
main�. It is very common in the finite element theory to use a linear approximation
of the boundary in curved domains such as �. In optical tomography we assume �
to be a ball in Rn with radius r , i.e.,

� D ¹x 2 Rn W kxk2 � rº:
Let �h be a linear approximation of �, and let K1;K2; : : : ;Kn be triangles or
quadrilaterals such that they form a partition of �h, i.e

�h D
n[

iD1

Ki :

For any intersection of such two triangles or quadrilaterals Ki and Kj , if the in-
tersection consists of one point then it is a common vertex, if the intersection
consists of more than one point then it is a common edge [20, 26]. Let T j D
¹Kj

1 ;K
j
2 ; : : : ;K

j
nj

º, j 2 N denote the family of triangulation where j is the re-
finement step. We say that the mesh size of the triangulation T at the j th refinement
step is hj if

hj D max
K

j

i
2T j

h
K

j

i

; and h
K

j

i

D diam.Kj
i /:

Here diam.Kj
i / D sup

x;y2K
j

i

kx � yk2.

The quantity hj is a measure of how refined the mesh is. The smaller hj is, the
finer the mesh. Let 
Ki

denote the radius of inscribed circle in Ki . We say that a
family of triangulation T j , j 2 N is shape regular if there exists a constant � > 0,
independent of j such that for each K

j
i 2 T j , we have [74]

h
K

j

i



j

Ki

� �:

For this problem, we generate a shape regular mesh using distmesh [70].
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Fig. 14.3. The shape regular mesh.

Usually one chooses the finite dimensional subspace V , to be the space of contin-
uous piecewise polynomials on the domain �h: Piecewise linear or quadratic func-
tions are widely used in defining these subspaces. Let ¹Bi ºNu

iD1 be a basis for the
finite dimensional space V , then the discrete weak formulation is expressed as a lin-
ear system of equations in the following form:

ACf D R: (14.13)

Here the coefficients of the matrix A are given by Aij D Dij C Mij C Pij ;

where the diffusion inner product Dij D R
�h

rBi � DrBj d& d�; the absorp-
tion inner product Mij D R

�h
Bi�aBj d& d�; and the boundary inner product

Pij D 1
2

R
@�h

Bi Bj ds: The components of the forcing vector Ri in the right-hand
side are

R
�h
Bi f d& d�; and Cf is the Nu-vector containing the unknown coeffi-

cients cf
i : Cf D .c

f
1 ; c

f
2 ; : : : ; c

f
Nu
/T :

14.4 The inverse problem

To obtain simulation data for the inverse problem for optical tomography, we solve
the forward problem (14.4), (14.5) using a high accuracy finite element Galerkin
method and known spatial distributions for D and �a [76]. For a set of source
functions fj this yields exact measurement values of u on the boundaries, denoted
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by gıij
. In the inverse algorithm, the forward problem (14.4), 14.5 is always solved

using fewer basis polynomials for u, D and �a, namely smaller Nu, ND , and N�.
For a given distribution for D and �a, this yields a set of observables Cij which
approximate gıij

and depend (nonlinearly) on the coefficients q 2 RNt , where
Nt D N� CND .

The goal of the inverse problem is then to obtain the distribution for D and �a

given measurements of u on the boundaries for applied sources fj . This can be cast
as a finite dimensional minimization problem

1

2
min

q2RN
J.q/ D 1

2
min

q

nsX
j D1

nmX
iD1

.Cij .u.xi I q; fj // � zıij
/2

D 1

2
min

q

ntX
pD1

.Cp.u.q// � zıp
/2

D 1

2
min

q
kF.q/k2: (14.14)

Here the residual vector F.q/ 2 Rnt , nt D ns � nm, comprises all terms Cij � zıij
.

Problem (14.14) can be solved by any iteratively regularized method discussed in the
previous sections. At every step, given values for the coefficients of basis-function
expansions, qn, the unknown spatial distributions forD and�a may be reconstructed
through those expansions, i.e.,

D.x/ D
NDX
lD1

.QD/lBl .x/; �a.x/ D
N�X
lD1

.Q�/lBl.x/; (14.15)

where qn D .QD;Q�/
T D .q.1/;q.2/; : : : ;q.Nt //T . A typical observation operator

is

Cij .u.q// D �D@u
@�
.xi I q; fj / D 1

2
u.xi I q; fj /; (14.16)

where i D 1; 2; : : : ; nm; j D 1; 2; : : : ; ns; xi is in @�, nm is the number of measure-
ments, ns is the number of sources, and the second equality comes from the boundary
condition (14.5).

We further suppose that finite dimensional problem (14.14) adequately describes
the modeled process, and our goal becomes to solve problem (14.14) specifically. In
order to implement algorithms (10.3), (10.38) and (9.5) one has to compute F 0.q/ D
K.q/, the Jacobian matrix of F.q/. For observation operator (14.16), one gets [14]

K.q/ D
²

�D @

@q.k/

�
@up

@�
.q/
�³

pD1;nt ; kD1;Nt

D
²
1

2

@up

@q.k/
.q/
³

pD1;nt ; kD1;Nt

(14.17)
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with uiCnm.j �1/ D u.xi I q; fj /. If we plug the expression

uiCnm.j �1/ D
NuX
lD1

c
fj

l
Bl.xi /

into equation (14.17) then

ŒK.q/�p k D 1

2

NuX
lD1

@c
fj

l

@q.k/
Bl.xi / D BT

@Cfj

@q.k/
; p D i C nm.j � 1/; (14.18)

where

B D 1

2
.B1.xi /; B2.xi /; : : : ; BNu

.xi // : (14.19)

Substitute expressions (14.15) for D.x/ and �a.x/ into the diffusion

Dij D
Z

�

rBi �DrBj d& d�

and the absorption

Mij D
Z

�

Bi�aBj d& d�

inner products, respectively. One obtains

Dij D
NDX
kD1

.QD/kDk;ij ; where Dk;ij D
Z

�

BkrBi � rBj d& d�; (14.20)

and similarly

Mij D
N�X
kD1

.Q�/kMk;ij ; where Mk;ij D
Z

�

BkBiBj d& d�: (14.21)

Now differentiate equation (14.13) with respect to the parameters q.k/ assuming that
R is independent of q.k/. We get

A
@Cf

@q.k/
C @A

@q.k/
Cf D 0: (14.22)

Solve for the partial derivatives with respect to the parameters to obtain for Nt D
ND CN�

@Cf

@q.k/
D �.D.q/C M.q/C P /�1DkCf .q/; 1 � k � ND; (14.23)

@Cf

@q.k/
D �.D.q/C M.q/C P /�1MkCf .q/; ND C 1 � k � Nt ; (14.24)
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where A D D C M C P , Dk and Mk are the Nu � Nu matrices with elements
Dk;ij and Mk;ij , respectively. Thus using equations (14.23) and (14.24) for the ex-
pression @Cfj

=@q.k/ in equation (14.18) we can derive the Jacobian matrix K.q/ for
our inverse calculation.

The explicit expression for K.q/ yields rJ D K�.q/F.q/, and the approxima-
tion of the first term of the Hessian with r2J.q/ � K�.q/K.q/. Then, iteratively
regularized Gauss–Newton (IRGN) method (10.3) for solving (14.14) is given by

qnC1 D qn C pn; (14.25)

where the search direction pn is a solution to the linear system

.K�.qn/K.qn/C ˛nI /pn D �.K�.qn/F.qn/C ˛n.qn � 	//; (14.26)

and I is the identity matrix. To implement (10.38), the following inner iterations are
to be performed for every n D 0; 1; : : : ; n.ı/

y0 D 0

for m D 0 to M.n/ � 1 do

ymC1 D .I � #K�.qn/K.qn//ym C #K�.qn/¹F.qn/ �K.qn/.qn � 	/º:
endfor

Then qnC1 D 	 � yM.n/.
For 1=˛n D M.n/ and # any real number from the interval .0; 2=N 2

1 /,
kK.qn//k2 � N1; this corresponds to

‚.F 0�.qn/F
0.qn/; ˛n/ D #

M.n/X
kD0

.I � # F 0�.qn/F
0.qn//

k

in (10.38). In what follows we will refer to this method as iteratively regularized
Gauss–Landweber (IRGL). In our numerical experiment, the efficiency of the above
two methods will be compared to the efficiency of iteratively regularized gradient
(IRG) scheme (9.5). Being applied to (14.14) with �n D #˛n, it takes the form

qnC1 D qn � #˛n¹K�.qn/F.qn/C ˛n.qn � 	/º: (14.27)

14.5 Numerical results

In solving both the forward and the inverse problems, we assume our domain��R2

to be a disc of radius 43:0 mm centered at the origin. In our simulations, we use a 32
equidistant source-detector configuration similar to the experimental setup in [50].
In this setup, one uses 16 equidistant sources (ns D 16) at the boundary and 16
alternate equidistant detectors (nm D 16) at the boundary, where the measurements
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Fig. 14.4. The source-detector configuration.

are taken, see Figure 14.4. Therefore, our inverse problem solver uses 16�16 D 256

simulated data for the reconstruction of the diffusion and absorption coefficients.
For the comparison of different iterative methods, we simulate a circular inclu-

sion of radius 10 mm located at the point x0 D .15; 15/. For the forward prob-
lem, the absorption coefficient �a is taken to be 0:012 mm�1 inside the inclusion
and 0:006 mm�1 outside as a background value. The diffusion coefficient D is
taken to be 0:275 mm�1 inside and 0:55 mm�1 as a background value, see Fig-
ure 14.5. In our simulations, the sources are modeled as a narrow Gaussian, mainly
f .x/ D .A=

p
2�"2/exp.�kx � xsk2

2=2"
2/ for a source located at xs , to mimic laser

sources where typical values of A D 1:0 � 105 and " D 0:1 are used as in [50].
Inversion results with Nu D 128 basis functions for u, and 128 basis func-

tions for each of D and �a are given, although the algorithm is also successful for
ND ¤ N� and for ND ¤ Nu. Each iteration is initiated with the diffusion and ab-
sorption spatial distributions at the background, non-tumor values. Simulation with
known parameters for D and �a leads to a calculable residual of ı � 10�5. For
(10.3) and (10.38) we take ˛n D 2�n. Note, that by stopping rule

˛n D ı; (14.28)

the total number of Newton steps for both methods (10.3) and (10.38) is n D
n.ı/ D 17.

For iteratively regularized gradient method (9.5), n.ı/ D 1
ı2 D 1010, since ˛n

has to decrease “slowly” and we take ˛n D 1p
n

. The approximate values of the dif-
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Fig. 14.5. The diffusion and absorption coefficients. Exact values.
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Fig. 14.6. The diffusion and absorption coefficients. Computed values.

fusion and absorption coefficients obtained by iteratively regularized Gauss–Newton
method (10.3) are illustrated in Figure 14.6.

In conclusion, we would like to point out that this is just a preliminary experi-
ment, which illustrates how iteratively regularized methods work for parameter iden-
tification problems in PDEs. A lot more research is required in order to improve the
quality of numerical reconstructions and to make the jump from experimental sys-
tems to a fully accepted clinical tool.

Problems

14.1. Calculate two analytical solutions to problem (14.8)–(14.9), which can be used
to test the forward solver in 1D case (see Problem 14.3). Namely, solve problem
(14.8)–(14.9) with f .x/ D e�x and f .x/ D ı.x � xs/. Take L D 43:0 mm, q Dp
�a=D, �a D 0:012 mm�1, and D D 0:33 mm.

14.2. Using integration by parts, write 1D time-independent problem (14.8)–(14.9)
in form (14.12).
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14.3. Write a computer code to solve 1D forward problem (14.8)–(14.9) numerically
by finite element method described in Section 14.3. To test your forward solver, first
compute approximate solutions in the following two cases:

1. constant values ofD and �a (D D 0:33mm and �a D 0:012mm�1) and f .x/ D
e�x, x 2 .0; 43:0/,
2. constant values of D and �a (D D 0:33 mm and �a D 0:012 mm�1) and

f .x/ D Ap
2��2

exp

�
�jx � xsj2

2�2

�
; x 2 .0; 43:0/; (14.29)

with A D 1 and � D 0:1, where xs D 42:5 is the source location. This particular
f is an approximated delta distributed source (DDS), i.e., approximation to f .x/ D
ı.x � xs/, for which the Green function solution is available (see Problem 14.1).

14.4. Once the forward solver has been tested (see Problems 14.1-14.3), it is safe to
compute zij in order to provide the data for the inverse problem. It is well known
that optical contrast is mainly determined by an increase in haemoglobin concentra-
tion around cancerous tissue which increases local absorption �a and decreases local
scattering D. Taking into consideration possible size, position, and optical proper-
ties of a breast tumor, chose contrast values of �a and D between background and
cancerous tissues as follows:

D.x/ WD
´
0:275; x 2 Œ1; 10�; tumor D.x/ value

0:550; x 2 Œ0; 1/ and x 2 .10; 43�; background D.x/ value

�a.x/ WD
´
0:012; x 2 Œ1; 10�; tumor �a.x/ value

0:006; x 2 Œ0; 1/ and x 2 .10; 43�; background �a.x/ value.

Use the above parameters together with fj .x/ D Ap
2
�2

exp
�� jx�xj

s j2
2�2

�
; A D 1;

� D 0:1; to generate the values of zij in (14.7). Here xj
s are the source locations.

For your numerical simulations, use 20 different sources (j D 1; 2; : : : ; 20) located
close to the boundary. Namely,

0 < x1
s < x2

s < � � � < x10
s � 0:5 and 42:5 � x11

s < x12
s < � � � < x20

s < 43:0:

14.5. Apply iteratively regularized procedures (10.3), (10.38) and (9.5) to reconstruct
the profiles for �a and D in one-dimensional case (see Section 14.4 for details).
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Feigenbaum’s universality equation

15.1 The universal constants

In this chapter we investigate Feigenbaum’s universality equation [32]

gz.x/ D ˛zgz

�
gz

�
x

˛z

��
(15.1)

associated with the iteration theory of real functions. A solution gz to this nonlin-
ear equation describes the local structure of attractors. It also defines two universal
constants ˛z and ız . For the iterative process

xkC1 D f�;z.xk/ (15.2)

with a differentiable transition function f�;z , which has a unique maximum Ox such
that

f�;z.x/ � f�;z. Ox/ � jx � Oxjz ; (15.3)

the universal constants ˛z and ız have the following meaning [32]:

˛z D lim
j !1

dj

dj C1

; (15.4)

ız D lim
j !1

�j � �j �1

�j C1 � �j

: (15.5)

Here dj is the algebraic distance between Ox and the nearest attractor, the limit point
in 2j cycle. The value of dj is negative if the limit point is less than Ox. In the sec-
ond identity, �j is the critical value of �, for which the doubling of the period (the
appearance of 2j cycle) of the transition function f�;z occurs.

It is important to mention that while the two constants ˛z and ız depend on the
value of z in (15.3), they do not depend on the function f�;z itself. In that sense, ˛z
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and ız are universal. Consider, for example, the following iterative schemes [78] on
the interval Œ0; 1�:

xkC1 D �xk.1 � xk/; (15.6)

and

xkC1 D � sin.�xk/: (15.7)

In the first case, the transition function f�;2.x/ WD �x.1 � x/. In the second case,
f�;2.x/ WD � sin.�x/: The dynamical systems generated by these iterations, change
from periodic to chaotic through the doubling of a period as � takes certain critical
values�1; �2; : : : ; �j ; : : : . Specifically, one can verify that for f�;2.x/ WD �x.1�x/
and � D �1 D 3, the fixed points 	1 and 	2 of f�;2 become unstable and two more
points 	3 and 	4, such that

f�;2.	3/ D 	4; and f�;2.	4/ D 	3;

appear. This is called 21 cycle. Then for � D �2 D 3:449499 : : : , the points 	3 and
	4 become unstable and the points 	5, 	6, 	7 and 	8, such that

f�;2.	5/ D 	6; f�;2.	6/ D 	7; f�;2.	7/ D 	8; and f�;2.	8/ D 	5;

appear. This is called 22 cycle. In general, for � D �j the points of 2j �1 cycle
become unstable and 2j cycle appears. Remarkably, the values of ˛2 and ı2, which
characterize this process, are the same for both transition functions. The first seven
critical values of � (with six decimal places) [78] for (15.6) are

�2 D 3:449499; �3 D 3:544090; �4 D 3:564407; �5 D 3:568759;

�6 D 3:569692; �7 D 3:569891; �8 D 3:569934:

Notice that

lim
j !1�j WD �1 D 3:569946:

When � > �1, the behavior of system (15.6) becomes chaotic. Further research
shows [78] that two-dimensional Hannon’s scheme´

xkC1 D 1 � �x2
k

C yk

ykC1 D bxk

(15.8)

also exhibits the above bifurcation phenomena (for some fixed values of b) and ı2 is
the same as for (15.6) and (15.7).
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15.2 Ill-posedness

Due to extreme sensitivity of computed solutions to the rounding errors, Feigen-
baum’s equation is ill-posed (unstable). In addition to that, uniqueness of the solution
can only be guaranteed on a certain class of analytic functions. One can easily verify
that if gz.x/ is a solution to (15.1) and � is a constant, then any fz.x/ D �gz

�
x
�

�
is

a solution as well [78]. Indeed,

˛zfz

�
fz

�
x

˛z

��
D ˛z�gz

 
fz

�
x
˛z

�
�

!
D ˛z�gz

 
�gz

�
x

˛z�

�
�

!

D �

	
˛zgz

�
gz

�
x

˛z�

��

D �gz

�
x

�

�
D fz.x/: (15.9)

Therefore one has to normalize the solution by setting, for example, gz.0/ D 1 [22].
This implies

˛z D 1

gz.1/
: (15.10)

Combining (15.1) and (15.10), one arrives at the following equation

F.gz/ WD gz.1/gz.x/ � gz.gz.gz.1/x// D 0: (15.11)

It has been shown in [22] that a solution to (15.11) is still not unique. Each solution
has power series expansion in the form

gz.x/ D 1C
1X

iD1

qi jxjzi (15.12)

for some 1 < z < 1. The corresponding universal constant ˛z D 1
gz.1/

reflects the
structure of attractors in the dynamical system with nonlinearity of order z, see [78].
The computer-assisted proof of the existence result can be found in [55].

15.3 Numerical algorithm for 2 � z � 12

Let us discuss a numerical method for solving equation (15.11) and computing the
first universal constant ˛z . The values of ˛z are practically important, but still very
little is known about them. For instance, it is not clear if they satisfy any simple
algebraic relations.

To obtain the data for verifying different hypotheses concerning ˛z , K. Briggs
[22] calculated ˛z for integer z, 2 � z � 12, with high accuracy on a class of
even concave down functions, analytic on Œ�1; 1�. In [22], approximate solutions
to (15.11) are constructed as polynomials:

gz.x/ D 1C
nX

iD1

qi jxjzi ; (15.13)
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where the coefficients qi are obtained from the following nonlinear system:

Fj WD
�
1C

nX
iD1

qi

��
1C

nX
iD1

qi jxj jzi
�

� 1

�
nX

iD1

qi

ˇ̌̌
ˇ1C

nX
iD1

qi

ˇ̌̌
.1C

nX
iD1

qi /xj

ˇ̌̌zi
ˇ̌̌
ˇ
zi

D 0; j D 1; : : : ; n: (15.14)

Since gz is even, it only has to be evaluated on Œ0; 1�. For z D 2 and z D 3, the choice
of grid points is not very important from computational point of view. Therefore the
uniform partition xj D j

n
; j D 1; 2; : : : ; n; is used. However for z � 4, the nonlinear

partition xj D �
j
n

�1=z
gives more accurate results. The Jacobian matrix

F 0 WD
	
@Fj

@ql



j;lD1;n

D jxj jzl
�
1C

nX
iD1

qi

�

C
�
1C

nX
iD1

qi jxj jzi
�

�
ˇ̌̌
ˇ1C

nX
iD1

qi

ˇ̌̌�
1C

nX
iD1

qi

�
xj

ˇ̌̌zi

ˇ̌̌
ˇ̌
zl

� sign.hj /

nX
iD1

qizi

ˇ̌̌
ˇ1C

nX
iD1

qi

ˇ̌̌�
1C

nX
iD1

qi

�
xj

ˇ̌̌zi
ˇ̌̌
ˇ
zi�1

(15.15)

�
hˇ̌̌�
1C

nX
iD1

qi

�
xj

ˇ̌̌zl C sign.gz.1//

nX
iD1

qizi
ˇ̌̌�
1C

nX
iD1

qi

�
xj

ˇ̌̌zi�1jxj j
i

is strictly ill-posed for z � 2 and n � 2. Here

hj WD 1C
nX

iD1

qi

ˇ̌̌�
1C

nX
iD1

qi

�
xj

ˇ̌̌zi

:

The condition number for any fixed n increases about ten times as z is replaced with
z C 1. K. Briggs [22] conducted the experiment with 200 significant digits in order
to reduce the rounding error and overcome the instability of system (15.14). As the
result, he was able to successfully calculate ˛z for 2 � z � 12 by classical Newton’s
method. Below are the values of ˛z , 2 � z � 12, with five decimal places [22]

˛2 D �2:50290; ˛3 D �1:92769; ˛4 D �1:69030; ˛5 D �1:55577;
˛6 D �1:46774; ˛7 D �1:40511; ˛8 D �1:35802; ˛9 D �1:32119;

˛10 D �1:29152; ˛11 D �1:26706; ˛12 D �1:24653:
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The solution to system (15.14) for z D 2 and n D 7 with nine decimal places is as
follows [78]:

g2.x/ WD 1 � 1:527632997x2 C 0:104815194x4 C 0:026705673x6

� 0:003527413x8 C 0:000081581x10

C 0:000025368x12 � 0:000002687x14: (15.16)

The corresponding value of ˛2 D 1
g2.1/

is �2:502907875 : : : . For z � 13, despite
the high accuracy of computations, Newton’s method diverges. The system becomes
unstable to the point that standard numerical algorithms are no longer applicable.

15.4 Regularized method for z � 13

The goal of the numerical experiment performed by the authors was, first, to solve
nonlinear system (15.14) for 2 � z � 12 and to get the results consistent with [22]
and, second, to calculate ˛z for z � 13: The authors would like to thank Dr. V. Vasin
for introducing them to the above problem and for helping the authors to carry the
numerical simulations out.

To stabilize universality equation (15.11), the iteratively regularized Gauss–
Newton (IRGN) algorithm, presented in Chapter 10, was implemented:

xkC1 D 	 � .F 0�.xk/F
0.xk/C �kE1/

�1F 0�.xk/ŒF .xk/ � F 0.xk/.xk � 	/�

with �k D �0

k
. For large values of z, the initial regularization parameter �0 increases

by a factor of 10 at every transition from z to z C 1 to prevent the Jacobian from
becoming singular to working precision. All the experiments presented in this section
were conducted with 24 significant digits.

For a more accurate approximation of gz one has to take n large enough, but then
the problem of the choice of an initial approximation occurs: for z D 2, n D 2 or
n D 3 system (15.14) has many solutions. For this reason the scheme described in
[9] is used. First, system (15.14) is solved with n D 1, then the solution to (15.14),
n D 1, is taken as the initial guess for the case n D 2. The solution with n D 2 is
taken as the initial guess for n D 3, etc [1]. When z D 2, n D 1, x D 1 system
(15.14) is reduced to one algebraic equation with respect to q1:

q1.q1 C 1/.q5
1 C 3q4

1 C 3q3
1 C 3q2

1 C 2q1 � 1/ D 0

and the two obvious solutions are q.1/
1 D 0, q.2/

1 D �1. Since the function gz.x/ is
even and concave down, the initial condition gz.0/ D 1 implies gz.1/ < 1, that is
1C q1 < 1, q1 < 0. Therefore one has to find the negative roots of the equation:

q5
1 C 3q4

1 C 3q3
1 C 3q2

1 C 2q1 � 1 D 0:

Such roots are: q.3/
1 D �1:8597174 : : : ; q.4/

1 D �1:4021968 : : : . Thus for the sys-
tem of two equations (z D 2, n D 2) the initial data are:
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1. q1 D �1, q2 D 0;

2. q1 D �1:8597174 : : : , q2 D 0;

3. q1 D �1:4021968 : : : , q2 D 0.

In the first two cases the solutions to (15.14) (z D 2, n D 2) are not concave down
on Œ�1; 1�. In the third case the graph of the polynomial is concave down and

g2.x/ � 1 � 1:5416948x2 C 0:1439197x4:

For the system of three equations (z D 2, n D 3) the initial data are:

q1 D �1:5416948; q2 D 0:1439197; q3 D 0:

Then we continue this process. The maximum dimension we take is n D 12. If
n D 13, the discrepancy is not less than for n D 12, and after n D 14 it grows.

For z D 3 we begin the computation with one equation (n D 1) also. As the
initial approximation q1 D �1:4021968 is taken, that is the solution to (15.14) with
z D 2, n D 1. The dimension increases step by step till the discrepancy improves.
For z D 3, n D 1 the solution to (15.14) with z D 3, n D 1 is used, etc. In our
experiment ˛z for z D 2; : : : ; 26 are found. For z D 2; : : : ; 12 they coincide with ˛z

given in [22]. Below the values of ˛13, ˛14,. . . ,˛26 are presented.

˛13 D �1:22902; ˛14 D �1:21391; ˛15 D �1:20072; ˛16 D �1:18910;
˛17 D �1:17879; ˛18 D �1:16957; ˛19 D �1:1612; ˛20 D �1:1537;
˛21 D �1:1469; ˛22 D �1:140; ˛23 D �1:134; ˛24 D �1:129;

˛25 D �1:124; ˛26 D �1:12:
The above experiment can be considered successful. Due to regularization and step-
by-step choice of the initial guess, ill-conditioned nonlinear system (15.14) has been
solved for 2 � z � 26: The universal constants ˛z have been calculated.

Problems

15.1. Apply iteratively regularized Newton’s method:

xkC1 D xk � ŒF 0.xk/C �kE1�
�1.F.xk/C �k.xk � 	//; k D 1; 2; : : :

to solve nonlinear system (15.14) numerically. Use step-by-step algorithm [9], de-
scribed in Chapter 15, to find initial approximations for z D 2; 3; : : : : If possible,
take �k D 0 for small values of z.

15.2. Check that the Jacobian matrix is given by formula (15.15).
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15.3. In [32], it has been shown that the second universal constant ız is the largest
modulus eigenvalue of the operator L.gz/ W C 2.�1;1/ ! C.�1;1/, where

L.gz/ D T 0.gz/; T .gz/ WD ˛zgz

�
gz

�
x

˛z

��
:

Prove that [22, 78]

L.gz/h D ˛z

²
g0

z

�
gz

�
x

˛z

��
� h
�
x

˛z

�
C h

�
gz

�
x

˛z

��³
:

15.4. By Problem 15.3, the universal constant ız is a solution to the eigenvalue problem

L.gz/h D ızh:

As suggested in [78], one can calculate an approximate value of ız by setting h.x/ D
const. Verify that in this case

˛z.g
0
z.1/C 1/ D ız:

15.5. Show that

g0
z.x/ D g0

z

�
gz

�
x

˛z

��
� g0

z

�
x

˛z

�
;

g00
z .x/ D g00

z

�
gz

�
x

˛z

��
�
�
g0

z

�
x

˛z

��2
1

˛z

C g0
z

�
gz

�
x

˛z

��
� g00

z

�
x

˛z

�
1

˛z

:

Derive from the last equation that

˛z D g0
z.1/ and ˛2

z C ˛z D ız :
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Conclusion

Let us make some methodological remarks on the material presented. Throughout
the course, in addition to studying irregular equations F.x/ D 0, x 2 H1, with exact
operators F W H1 ! H2, we investigate the equations

F.x/ D f; x 2 H1; (16.1)

which contain some noise in the right-hand side. Namely, in place of the element
f 2 H2, a function Qf is given such that

k Qf � f kH2
� ı: (16.2)

The value of ı is also assumed to be known. In this case, it is not possible to solve
equation (16.1) exactly. One can only try to find some approximations that are close
in a certain sense to the solution set

X�.F / D ¹x 2 H1 W F.x/ D f º;
and converge to this set as ı ! 0 regardless of the choice of Qf from condition (16.2).
Convergence of the approximations to X�.F / is usually understood as convergence
to zero of the distance dist. � ; X�.F // along the sequence of these approximations.
While constructing the required approximations, one has to use all a priori informa-
tion available about the exact right-hand side f , i.e., the function Qf and the error
estimate ı. Formally, any such method can be associated with a mapping R, which
takes a pair of input data . Qf ; ı/, k Qf � f kH2

� ı, to some approximate solution
x. Qf ; ı/ D R. Qf ; ı/ of equation (16.1). The convergence assumption can now be
written in the form

lim
ı!0

sup
Qf Wk Qf �f kH2

�ı

dist.x. Qf ; ı/; X�.F // D 0: (16.3)

A mapping R W . Qf ; ı/ ! x. Qf ; ı/, satisfying property (16.3), is called a regular-
izing algorithm for original equation (16.1). If a regularizing algorithm R has been
constructed for this equation and, instead of the exact element f , the corresponding
pair . Qf ; ı/ is known, then the point R. Qf ; ı/ can be taken as an approximate solution
to (16.1).
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In Chapters 5 and 6 there are examples of regularizing algorithms for irregular
equations with affine operators F (see (5.26), (6.20)). In a nonlinear case, a regular-
izing algorithm, suitable for effective numerical implementation, can be produced if
the operator F generates a convex discrepancy functional (Problem 9.2)

ˆ.x/ D 1

2
kF.x/ � f k2

H2
:

As for equations with arbitrary irregular nonlinear operators F 2 F .N1; N2/,
presently, Tikhonov scheme (4.18) is the only source of regularizing algorithms,
theoretically appropriate for solving such equations. The fact that the mapping
R. Qf ; ı/ D x

".ı/

˛.ı/
, obtained by this scheme, is a regularizing algorithm follows

from (4.22). However, as it is pointed out in Chapter 4, there are principal diffi-
culties in practical realization of Tikhonov’s scheme, since the Tikhonov functional
ˆ˛ to be minimized may have numerous local minima.

Evidently, equations with affine operators and with the operators leading to con-
vex discrepancy functionals exhaust the list of equations that can be effectively
treated by Tikhonov’s scheme. Therefore, one has to admit that the above definition
of a regularizing algorithm is too restrictive in a general nonlinear case in a sense
that it is hard to find at least one algorithm satisfying this definition, which can be
performed numerically for any F 2 F .N1; N2/.

In Chapters 10 and 11 an alternative approach to the construction of regularizing
algorithms is presented. This approach uses the idea of iterative methods equipped
with special control parameters operating in such a way that identity (16.3) holds
for some acceptable values of these parameters only. In our methods, the element 	
works as a control parameter. The ellipsoid, defined by condition (10.6) (or (10.24)),
see Chapter 10, or the finite dimensional affine subspace Mx� , see Chapter 11, play
a part of the admissible set „. Here it is convenient to assume that X�.F / D ¹x�º.
It follows from estimates (10.34) and (11.34), where one has to put 
 D 0, that
iterations (10.30) and (11.32) generate regularizing algorithms if 	 2 „.

Since in both our cases„ depends on the unknown solution x� and its interior is
empty, the problem of finding 	 2 „ in practice is hardly simpler than the original
equation. Thus, normally, instead of 	 2 „, only some element 	, located more or
less close to „ D „.x�/, can be available, and one has to figure out how much this
affects the quality of the approximations. Estimates (10.34) and (11.34) show that the
error, introduced for the above reason, is a function of the distance 
 D dist.	;„/
and converges to zero as
 ! 0. In other words, the iterative methods, considered in
Chapters 10 and 11, are stable not only with respect to errors in the right-hand side f ,
but also with respect to deviations of the element 	 from the admissible set „.

Finally, note that the problem of finding 	 from a small neighborhood of the
set „ is very similar to the one of choosing an initial approximation from a small
neighborhood of the solution for locally convergent iterative processes. As we have
seen in Chapters 1–3, problems of this kind occur even in case of iterative methods
applied to regular operator equations.
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